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Volume-preserving mean curvature flow
for tubes in rank one symmetric spaces
of non-compact type
Naoyuki Koike
Abstract
First we investigate the evolutions of the radius function and its gradient
along the volume-preserving mean curvature flow starting from a tube (of non-
constant radius) over a compact closed domain of a reflective submanifold in
a symmetric space under certain condition for the radius function. Next, we
prove that the tubeness is preserved along the flow in the case where the am-
bient space is a rank one symmetric space of non-compact type, the reflective
submanifold is an invariant submanifold and the radius function of the initial
tube is radial. Furthermore, in this case, we prove that the flow reaches to the
invariant submanifold or it exists in infinite time and converges to another tube
of constant mean curvature in the C∞-topology in infinite time.
1 Introduction
Let ft’s (t ∈ [0, T )) be a one-parameter C∞-family of immersions of an n-dimensional
compact manifoldM into an (n+1)-dimensional Riemannian manifoldM , where T is
a positive constant or T =∞. Define a map f˜ :M × [0, T )→M by f˜(x, t) = ft(x)
((x, t) ∈ M × [0, T )). Denote by πM the natural projection of M × [0, T ) onto
M . For a vector bundle E over M , denote by π∗ME the induced bundle of E by
πM . Also, denote by Ht, gt and Nt the mean curvature, the induced metric and
the outward unit normal vector of ft, respectively. Define the function H over
M × [0, T ) by H(x,t) := (Ht)x ((x, t) ∈M × [0, T )), the section g of π∗M (T (0,2)M) by
g(x,t) := (gt)x ((x, t) ∈M × [0, T )) and the section N of f˜∗(TM) by N(x,t) := (Nt)x
((x, t) ∈ M × [0, T )), where T (0,2)M is the tensor bundle of degree (0, 2) of M and
TM is the tangent bundle of M . The average mean curvature H(: [0, T ) → R) is
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defined by
(1.1) Ht :=
∫
M Htdvgt∫
M dvgt
,
where dvgt is the volume element of gt. The flow ft’s (t ∈ [0, T )) is called a volume-
preserving mean curvature flow if it satisfies
(1.2) f˜∗
(
∂
∂t
)
= (H −H)N.
In particular, if ft’s are embeddings, then we call Mt := ft(M)’s (0 ∈ [0, T )) rather
than ft’s (0 ∈ [0, T )) a volume-preserving mean curvature flow. Note that, if M
has no boundary and if f is an embedding, then, along this flow, the volume of
(M,gt) decreases but the volume of the domain Dt sorrounded by ft(M) is preserved
invariantly.
First we shall recall the result by M. Athanassenas ([A1,2]). Let Pi (i = 1, 2) be
affine hyperplanes in the (n+1)-dimensional Euclidean space Rn+1 meeting a affine
line l orthogonally and E a closed domain of Rn+1 with ∂E = P1 ∪ P2. Also, let M
be a hypersurface of revolution in Rn+1 such that M ⊂ E, ∂M ⊂ P1 ∪ P2 and that
M meets P1 and P2 orthogonally. Let D be the closed domain surrouded by P1, P2
and M , and d the distance between P1 and P2. She ([A1,2]) proved the following
fact.
Fact 1. Let Mt (t ∈ [0, T )) be the volume-preserving mean curvature flow starting
from M such that Mt meets P1 and P2 orthogonally for all t ∈ [0, T ). Then the
following statements (i) and (ii) hold:
(i) Mt (t ∈ [0, T )) remain to be hypersurfaces of revolution.
(ii) If Vol(M) ≤ Vol(D)d holds, then T =∞ and as t→∞, the flow Mt converges
to the cylinder C such that the volume of the closed domain surrounded by P1, P2
and C is equal to Vol(D).
E. Cabezas-Rivas and V. Miquel ([CM1,2,3]) proved the similar result in certain
kinds of rotationally symmetric spaces. LetM be an (n+1)-dimensional rotationally
symmetric space (i.e., SO(n) acts onM isometrically and its fixed point set is a one-
dimensional submanifold). Note that real space forms are rotationally symmetric
spaces. Denote by l the fixed point set of the action, which is an one-dimensional
totally geodesic submanifold inM . Let Pi (i = 1, 2) be totally geodesic hypersurfaces
(or equidistant hypersurfaces) inM meeting l orthogonally and E a closed domain of
M with ∂E = P1∪P2, where we note that they treat the case where Pi (i = 1, 2) are
totally geodesic hypersurfaces (resp. equidistant hypersurfaces) in [CM1,2] (resp.
[CM3]). An embedded hypersurface M in M is called a hypersurface of revolution
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if it is invariant with respect to the SO(n)-action. Let M be a hypersurface of
revolution in M such that M ⊂ E, ∂M ⊂ P1 ∪ P2 and that M meets P1 and P2
orthogonally. Let D be the closed domain surrouded by P1, P2 and M , and d the
distance between P1 and P2. They ([CM1,2,3]) proved the following fact.
Fact 2. Assume that Sec(v,w) < 0 for any v ∈ T l and w ∈ T⊥l and that
Sec(w1, w2) ≤ 0 for any w1, w2 ∈ T⊥l , where Sec(·, •) denotes the sectional curva-
ture of the 2-plane spanned by · and •. Let Mt (t ∈ [0, T )) be the volume-preserving
mean curvature flow starting from M such that Mt meets P1 and P2 orthogonally
for all t ∈ [0, T ). Then the following statements (i) and (ii) hold:
(i) Mt (t ∈ [0, T )) remain to be hypersurfaces of revolution.
(ii) If Vol(M) ≤ C holds, where C is a constant depending on Vol(D) and d,
then T =∞ and, as t→∞, the flow Mt (t ∈ [0, T )) converges to a hypersurface of
revolution C of constant mean curvature such that the volume of the closed domain
surrounded by P1, P2 and C is equal to Vol(D).
A symmetric space of compact type (resp. non-compact type) is a naturally reduc-
tive Riemannian homogeneous spaceM such that, for each point p ofM , there exists
an isometry of M having p as an isolated fixed point and that the isometry group
of M is a semi-simple Lie group each of whose irreducible factors is compact (resp.
not compact) (see [He]). Note that symmetric spaces of compact type other than
a sphere and symmetric spaces of non-compact type other than a (real) hyperbolic
space are not rotationally symmetric. An equifocal submanifold in a (general) sym-
metric space is a compact submanifold (without boundary) satisfying the following
conditions:
(E-i) the normal holonomy group of M is trivial,
(E-ii) M has a flat section, that is, for each x ∈ M , Σx := exp⊥(T⊥x M) is totally
geodesic and the induced metric on Σx is flat, where T
⊥
x M is the normal space of
M at x and exp⊥ is the normal exponential map of M .
(E-iii) for each parallel normal vector field v of M , the focal radii of M along the
normal geodesic γvx (with γ
′
vx(0) = vx) are independent of the choice of x ∈ M ,
where γ′vx(0) is the velocity vector of γvx at 0.
In [Ko2], we showed that the mean curvature flow starting from an equifocal subman-
ifold in a symmetric space of compact type collapses to one of its focal submanifolds
in finite time. In [Ko3], we showed that the mean curvature flow starting from a cer-
tain kind of (not necessarily compact) submanifold satisfying the above conditions
(E-i), (E-ii) and (E-iii) in a symmetric space of non-compact type collapses to one
of its focal submanifolds in finite time. The following question arise naturally:
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Question. In what case, does the volume-preserving mean curvature flow starting
from a submanifold in a symmetric space of compact type (or non-compact type)
converges to a submanifold satisfying the above conditions (E-i), (E-ii) and (E-iii)?
Let M be an equifocal hypersurface in a rank l(≥ 2) symmetric spaceM of compact
type or non-compact type. Then it admits a reflective focal submanifold F and
it is a tube (of constant radius) over F , where the “reflectivity” means that the
submanifold is a connected component of the fixed point set of an involutive isometry
ofM and a “tube of constant radius r(> 0) over F” means the image of tr(F ) := {ξ ∈
T⊥F | ||ξ|| = r} by the normal exponential map exp⊥ of F under the assumption
that the restriction exp⊥ |tr(F ) of exp⊥ to tr(F ) is an embedding, where T⊥F is the
normal bundle of F and || · || is the norm of (·). See [L1,2] about the classification
of reflective submanifolds in symmetric spaces. Any reflective submanifold in a
symmetric space M of compact type or non-compact type is a singular orbit of a
Hermann action (i.e., the action of the symmetric subgroup of the isometry group
of M) (see [KT]). Note that even if T. Kimura and M. Tanaka ([KT]) proved this
fact in compact type case, the proof is valid in non-compact type case. From this
fact, it is shown that M is curvature-adapted, where “the curvature-adpatedness”
means that, for any point x ∈ M and any normal vector ξ of M at x, R(·, ξ)ξ
preserves the tangent space TxM of M at x invariantly, and that the restriction
R(·, ξ)ξ|TxM of R(·, ξ)ξ to TxM and the shape operator Aξ commute to each other
(R : the curvature tensor of M). The notion of the curvature-adaptedness was
introduced in [BV]. For a non-constant positive-valued function r over F , the image
of tr(F ) := {ξ ∈ T⊥F | ||ξ|| = r(π(ξ))} by exp⊥ is called the tube of non-constant
radius r over F in the case where the restriction exp⊥ |tr(F ) of exp⊥ to tr(F ) is an
embedding, where π is the bundle projection of T⊥F . Note that exp⊥ |tr(F ) is an
embedding for a non-constant positive-valued function r over F such that max r
is sufficiently small because F is homogeneous. Since F is reflective, so is also the
normal umbrella F⊥x := exp⊥(T⊥x F ) of F at x and hence F⊥x is a symmetric space.
Motivation. If F⊥x is a rank one symmetric space, then tubes over F of constant
radius satisfies the above conditions (E-i), (E-ii) and (E-iii). Hence, when F⊥x is of
rank one, it is very interesting to invesitigate in what case the volume-preserving
mean curvature flow starting from a tube of non-constant radius over F converges
to a tube of constant radius over F .
Under this motivation, we try to derive a result similar to those of M. Athanasse-
nas ([A1,2]) and E. Cabezas-Rivas and V. Miquel ([CM1,2]) in this paper.
Let γ : [0,∞) → M be any normal geodesic of F . Denote by rco(γ) the first
conjugate radius along the geodesic γ in F⊥x , rfo(γ) the first focal radius of F along
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γ. rγ := min{rco(γ), rfo(γ)}. It is shown that, if F⊥x also is of rank one, then rγ is
independent of the choice of γ. Hence we denote rγ by rF in this case. The setting
in this paper is as follows.
Setting (S). Let F be a reflective submanifold in a symmetric space M of compact
type or non-compact type and B be a compact closed domain in F with smooth
boundary which is star-shaped with respect to some x∗ ∈ B and does not intersect
with the cut locus of x∗ in F . Assume that the normal umbrellas of F are rank
one symmetric spaces. Set P := ∪
x∈∂B
F⊥x and denote by E the closed domain in M
surrounded by P . LetM := tr0(B) and f := exp
⊥ |tr0 (B), where r0 is a non-constant
positive C∞-function over B with r0 < rF such that grad r0 = 0 holds along ∂B.
Denote by D the closed domain surrouded by P and f(M). See Figure 1 about this
setting. In the case where M is of compact type, see also Figure 4.
B
f(M)
F
∂B
P
x∗
F⊥x∗
in fact
x∗
B
r0(x∗) P
Figure 1.
Remark 1.1. (i) At least one of singular orbits of any Hermann action of cohomo-
geneity one on any symmetric space M without Euclidean part other than a sphere
and a (real) hyperbolic space is a reflective submanifold whose normal umbrellas are
rank one symmetric spaces and tubes of constant radius over the reflective singular
orbit satisfy the above conditions (E-i), (E-ii) and (E-iii) (i.e., of constant mean
curvature). Note that, when M is of compact type, the Hermann action has exactly
two singular orbits and, when M is of non-compact type, the Hermann action has
the only one singular orbit. Hermann actions of cohomogeneity one on irreducible
symmetric spaces of compact type or non-compact type are classified in [BT].
(ii) At least one of singular orbits of any Hermann action of cohomogeneity
greater than one on any symmetric spaceM of compact type or non-compact type is
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a reflective submanifold, but the normal umbrellas are higher rank symmetric spaces
and hence tubes of constant radius over the reflective singular orbit do not satisfy
the above conditions (E-i), (E-ii) and (E-iii) (i.e., not of constant mean curvature).
Here we shall state the difference of the above setting (S) (which includes the
setting in [CM1,2]) from the setting in [CM3] (see (1.3) in [CM3]). Note that the
setting in [A1,2] is included in both settings because the equidistant hypersurfaces
of a totally geodesic hypersurface in a Euclidean space are totally geodesic. The
setting in [CM2] is as follows.
Setting([CM2]). Let M = J ×Dn(R) and g = f(r)2dz2+ dr2+h(r)2gSn−1 , where
J are an interval, Dn(R) is the ball of radius R centered at the origin 0 in Rn,
Sn−1 is the (n − 1)-dimensional sphere of radius 1 centered at O in Rn, z is the
natural coordinate of J , r is the radius function from 0 in Rn, gSn−1 is the standard
metric of Sn−1 and f, h are positive functions. Let J ′ be an closed subinterval
of J . E. Cabezas-Rivas and V. Miquel ([CM2]) considered the volume-preserving
mean curvature flow starting from a tube over the one-dimensional totally geodesic
submanifold l := J ′ × {0} in (M,g) which is orthogonal to the totally geodesic
hypersurfaces ∂J ′ ×Dn(R). See Figure 2 about this setting in the case where M is
of positive curvature.
Sn−1
0
J {z0} ×Dn(R)
(M,g)
Sn−1
Dn(R)
r-curves
J
0
∂J ′ ×Dn(R)
z0
Dn(R) r-curve
Figure 2.
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The setting in [CM3] is as follows.
Setting([CM3]). Let M = J ×Dn(R) and g = dz2 + f(z)2dr2 + f(z)2h(r)2gSn−1 ,
where J,Dn(R), Sn−1, z, r and gSn−1 are as above and f, h are positive functions.
Let J ′ be an closed subinterval of J . E. Cabezas-Rivas and V. Miquel ([CM3])
considered the volume-preserving mean curvature flow starting from a tube over the
one-dimensional totally geodesic submanifold l := J ′×{0} in (M,g) which is orthog-
onal to the equidistant hypersurfaces ∂J ′ ×Dn(R) (which are not totally geodesic).
See Figure 3 about this setting in the case where M is of positive curvature.
Sn−1
0
J
(M,g)
Sn−1
Dn(R)
r-curves
J
∂J ′ ×Dn(R)
{z0} ×Dn(R)
z0
Dn(R) r-curve
Figure 3.
Let F and F⊥x∗ be as in the above setting (S), I the radial geodesic in F
⊥
x∗ starting
from x∗ removed the closure of a neighborhood of x∗ and Sn−1 the unit geodesic
sphere centered at x∗ in F⊥x∗ . Then M in the setting (S) is locally diffeomorphic to
B×I×Sn−1 and g in the setting (S) is locally described as g(x,r,v) = A∗r,x(gF )x+dr2+
Â∗r,v(gSn−1)v ((x, r, v) ∈ B×I×Sn−1), where gF , gSn−1 are the induced metrics on F
and Sn−1 (where we note that gSn−1 is not the canonical metric) and Ar,x (resp. Âr,v)
is a (1, 1)-tensor of TxF (resp. TvS
n−1) depending only on r (which are independent
of x and v essentially). We consider the volume-preserving mean curvature flow
starting from a tube over B. Thus our setting (S) includes Setting([CM2]) (see
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Figure 4). Under the above setting (S), we consider the volume-preserving mean
curvature flow ft (t ∈ [0, T )) starting from f and satisfying the following boundary
condition:
(C1) grad rt = 0 holds along ∂B for all t ∈ [0, T ), where rt is the radius function
of Mt := ft(M) (i.e., Mt = exp
⊥(trt(B))), where rt is possible to be multi-valued.
Furthermore, assume that the this flow satisfies the following condition:
(C2) (grad rt)x belongs to a common eigenspace of the family {R(·, ξ)ξ}ξ∈T⊥x B
for all (x, t) ∈ B × [0, T ).
I
Sn−1
x∗
F {x1} × I × Sn−1(⊂ F⊥x1)
M
Sn−1
I × Sn−1(⊂ F⊥x∗)
I × {•}’s
B(⊂ F )
F⊥x∗
x∗
∂B × I × Sn−1(⊂ ∪
x∈∂B
F⊥x )
x1
Figure 4.
If the initial radius function r0 is constant over a collar neighborhood U of ∂B, then
tr0(U) is of constant mean curvature because the normal umbrellas of F are of rank
one by the assumption (furthermore, these umbrellas are automatically isometric
to one another). Hence Ht − Ht (t ∈ [0, T )) remain to be constant over tr0(U),
that is, rt (t ∈ [0, T )) remain to be constant over U (see Figure 5). If M is a rank
one symmetric space (other than a sphere and a (real) hyperbolic space) and if F
is an invariant submanifold, then R(·, ξ)ξ|TxF (x ∈ F, ξ ∈ T⊥x F ) are the constant-
multiple of the identity transformation idTxF of TxF and hence the condition (C2)
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automatically holds. Here “invariant submanifold” means that the tangent spaces of
the submanifold are invariant by J , where J denotes the complex structure of M in
the case where M is the complex projective space or the complex hyperbolic space,
any complex structure belonging to the quaternionic structure ofM in the case where
M is the quaternionic projective space or the quaternionic hyperbolic space, and any
complex structure belonging to the Cayley structure ofM in the case whereM is the
Cayley plane (i.e., F4/Spin(9)) or the Cayley hyperbolic space (i.e., F
−20
4 /Spin(9)).
Also, if F ⊂ M is one of meridians in irreducible rank two symmetric spaces of
compact type in Table 2 (see Appendix) and if D is the corresponding distribution on
F as in Table 2, then Dx is a common eigenspace of the family {R(·, ξ)ξ | ξ ∈ T⊥x F}
for any x ∈ F . It is easy to show that, if the initial radius function r0 satisfies
(grad r0)x ∈ Dx (x ∈ B), then rt satisfies (grad rt)x ∈ Dx (x ∈ B) for all t ∈ [0, T ),
that is, the condition (C2) holds.
f(M)
F
U
P
ft(M)
Figure 5.
If the condition (C2) holds, then it is shown that there uniquely exists the volume-
preserving mean curvature flow ft :M →֒M starting from f as in the above setting
(S) and satisfying the condition (C1) in short time (see Proposition 4.2). Under
these assumptions, we first derive the evolution equations for the radius functions of
the flow and some quantities related to the gradients of the functions (see Sections
4 and 5). Next, in the following special case, we derive the following preservability
theorem for the tubeness along the flow by using the evolution equations.
Theorem A. Let f be as in the above setting (S) and ft (t ∈ [0, T )) the volume-
preserving mean curvature flow starting from f and satisfying the above condition
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(C1). Assume that M is a rank one symmetric space of non-compact type, F is an
invariant submanifold and that B is a closed geodesic ball of radius rB centered at x∗
in F , where the invariantness of F means the totally geodesicness in the case where
M is a (real) hyperbolic space. If r0 is radial with respect to x∗ (i.e., r0 is constant
along each geodesic sphere centered at x∗ in F ), then Mt (t ∈ [0, T )) remain to be
tubes over B such that the volume of the closed domain surrounded by Mt and P
is equal to Vol(D).
Furthermore, we derive the following results.
Theorem B. Under the hypothesis of Theorem A, one of the following statements
(a) and (b) holds:
(a) Mt := ft(M) reaches B as t→ T ,
(b) T = ∞ and Mt converges to a tube of constant mean curvature over B (in
C∞-topology) as t→∞.
t→ T
t→∞
Figure 6.
Theorem C. Under the hypothesis of Theorem A, assume that
Vol(M0) ≤ vmH−1vmV (δ2 ◦ δ−11 )
(
Vol(D)
vmV Vol(B)
)
,
where mH := dimF , mV := codimF − 1, vmH−1 (resp. vmV ) is the volume of the
mH−1 (resp. mV )-dimensional Euclidean unit sphere and δi (i = 1, 2) are increasing
functions over R explicitly described (see Section 6). Then T =∞ andMt converges
to a tube of constant mean curvature over B (in C∞-topology) as t→∞.
Remark 1.2. Let g be the metric of M and c a positive constant. As c → ∞, cg
approches to a flat metric and δi (i = 1, 2) approches to the identity transformation
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of [0,∞) and hence vmV (δ2 ◦ δ−11 )
(
Vol(D)
vmV Vol(B)
)
approaches to
Vol(D)
Vol(B)
. Thus, as
c → ∞, the condition Vol(M0) ≤ vmH−1vmV (δ2 ◦ δ−11 )
(
Vol(D)
vmV Vol(B)
)
approaches
to the condition Vol(M) ≤ Vol(D)
d
in the statement (ii) of Fact 1 in the case of
dimF = 1.
In the future, we plan to tackle the following problem.
Problem. Under the hypothesis of Theorem C, doesMt converge to a tube of constant
radius over B (in C∞-topology) as t→∞?
As the first step to solve this problem, I need to classify tubes of constant mean
curvature over F other than tubes of constant radius over F .
2 The mean curvature of a tube over a reflective sub-
manifold
In this section, we shall calculate the mean curvature of a tube over a reflective
submanifold in a symmetric space of compact type or non-compact type. Let M =
G/K be a symmetric space of compact type or non-compact type, where G is the
identity component of the isometry group of M and K is the isotropy group of G at
some point p0 of M . Let F be a reflective submanifold in M such that the nomal
umbrellas Σx’s (x ∈ F ) are symmetric spaces of rank one. Denote by g¯ (resp. gF ) the
Rimannian metric of M (resp. F ) and ∇ (resp. ∇F ) the Riemannian connection of
M (resp. F ). Denote by g and k the Lie algebras of G and K, respectively. Also, let
θ be the Cartan involution of g with (Fix θ)0 ⊂ K ⊂ Fix θ and set p := Ker(θ + id),
which is identified with the tangent space of Tp0M of M at p0. Without loss of
generality, we may assume that p0 belongs to F . Set p
′ := Tp0F and p′
⊥ := T⊥p0F .
Take a maximal abelian subspace b of p′⊥ and a maximal abelian subspace a of p
including b. Note that the dimension of b is equal to 1 because the normal umbrellas
of F is symmetric spaces of rank one by the assumption. For each α ∈ a∗ and β ∈ b∗,
we define a subspace pα and pβ of p by
pα := {Y ∈ p | ad(X)2(Y ) = −εα(X)2Y for all X ∈ a}
and
pβ := {Y ∈ p | ad(X)2(Y ) = −εβ(X)2Y for all X ∈ b},
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respectively, where ad is the adjoint representation of g, a∗ (resp. b∗) is the dual
space of a (resp. b) and ε is given by
ε :=
{
1 (when M is of compact type)
−1 (when M is of non− compact type).
Define a subset △ of a∗ by
△ := {α ∈ a∗ | pα 6= {0}},
and subsets △′ and △′V of b∗ by
△′ := {β ∈ b∗ | pβ 6= {0}}
and
△′V := {β ∈ b∗ | pβ ∩ p′⊥ 6= {0}}.
The systems △ and △′V are root systems and △′ = {α|b |α ∈ △} holds. Let △+
(resp. (△′V )+) be the positive root system of △ (resp. △′V ) with respect to some
lexicographic ordering of a∗ (resp. b∗) and △′+ be the positive subsystem of △′ with
respect to the lexicographic ordering of b∗, where we take one compatible with the
lexicographic ordering of b∗ as the lexicographic ordering of a∗. Also we have the
following root space decomposition:
p = a+
∑
α∈△+
pα = zp(b) +
∑
β∈△′+
pβ ,
where zp(b) is the centralizer of b in p. For convenience, we set p0 := zp(b). Since
the normal umbrellas of F are symmetric spaces of rank one, dim b = 1 and this
root system △′V is of (a1)-type or (bd1)-type. Hence (△′V )+ is described as
(△′V )+ =
{ {β} (△′V : (a1)−type)
{β, 2β} (△′V : (bd1)−type)
for some β(6= 0) ∈ b∗. However, in general, we may describe as (△′V )+ = {β, 2β} by
interpretting as p2β = {0} when △′V is of (a1). The system △′+ is described as
△′+ = {kβ | k ∈ K}
for some finite subset K of R+. Set b := |β(X0)| for a unit vector X0 of b. Since
F is curvature-adapted, p′ and p′⊥ are ad(X)2-invariant for each X ∈ b. Hence we
have the following direct sum decompositions:
p′ = p0 ∩ p′ +
∑
k∈K
(pkβ ∩ p′)
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and
(p′)⊥ = b+
2∑
k=1
(pkβ ∩ (p′)⊥).
For each p ∈ M , we choose a shortest geodesic γp0p : [0, 1] → M with γp0p(0) = p0
and γp0p(1) = p, where the choice of γp0p is not unique in the case where p belongs to
the cut locus of p0. Denote by τp the parallel translation along γp0p. For w ∈ TpM ,
we define linear transformations ad(w)2, Didw , D
co
w and D
si
w of TpM by
ad(w)2 := τp ◦ ad(τ−1p w)2 ◦ τ−1p ,
Dcow := τp ◦ cos(iad(τ−1p w)) ◦ τ−1p
and
Dsiw := τp∗ ◦
sin(iad(τ−1p w))
iad(τ−1p w)
◦ τ−1p ,
respectively, where i is the imaginary unit. Note that, if τ−1p (X) ∈ pkβ, then
(2.1)
ad(w)2(X) = −(√εkb||X||)2X, Dcow (X) = cos(
√
εkb||X||)(X)
and Dsiw =
sin(
√
εkb||X||)√
εkb||X|| X.
Let r be a positive-valued function over F with r < rF and B a compact closed
domain in F SetM := tr(B) and f := exp
⊥ |tr(B). Then f is an embedding. Denote
by g the induced metric on M , N the outward unit normal vector field of M and
A the shape operator of M with respect to −N . Fix x ∈ B and ξ ∈ M ∩ T⊥x B.
Without loss of generality, we may assume that τ−1x ξ ∈ b. Denote by γξ the normal
geodesic of B whose initial vector is equal to ξ and τγξ the parallel translation along
γξ|[0,1]. The vertical subspace Vξ and the horizontal subspace Hξ at ξ are defined
by Vξ := Tξ(M ∩ T⊥x B) and Hξ := {X˜ξ |X ∈ TxB}, respectively, where X˜ξ is the
natural lift of X to ξ (see [Ko1] about the definition of the natural lift). Take
v ∈ Vξ. Let Jξ,v be the Jacobi field along γξ with Jξ,v(0) = 0 and J ′ξ,v(0) = v, where
v is regarded as an element of T⊥x B under the identification of Tξ(T⊥x B) and TxB.
According to (1.2) in [Ko1], we obtain
Jξ,v(s) = τγξ|[0,s](D
co
sξ(Jξ,v(0)) + sD
si
sξ(J
′
ξ,v(0))) = τγξ|[0,s](sD
si
sξ(v)).
Hence we obtain
(2.2) exp⊥∗ (v) = Jξ,v(1) = τγξ|[0,1](D
si
ξ (v)).
13
Take X ∈ TxB. Let Jξ,X be the strongly B-Jacobi field along γξ with Jξ,X(0) = X,
where “strongly” means that J ′X,ξ(0) ∈ TxB. Since F is reflective (hence totally
geodesic), we have J ′X,ξ(0) = 0. Hence, according to (1.2) in [Ko1], we obtain
Jξ,X = τγξ|[0,s](D
co
sξ(Jξ,X(0)) + sD
si
sξ(J
′
ξ,X(0))) = τγξ|[0,s](D
co
sξ(X)).
On the other hand, according to (1.1) in [Ko1], we have
exp⊥∗ (X˜ξ) = Jξ,X(1) +
Xr
r(x)
γ′ξ(1).
Therefore, we can derive
(2.3) exp⊥∗ (X˜ξ) = τγξ|[0,1](D
co
ξ (X)) +
Xr
r(x)
γ′ξ(1).
Take v ∈ Vξ with τ−1x (v) ∈ pkβ and X ∈ TxB with τ−1x X ∈ pkβ, where k ∈ K ∪ {0}.
According to (i) of Theorem A in [Ko1], we have
(2.4)
Av =
1√
1 + ||(Dcoξ )−1(grad r)x||2
×
( √
εkb
tan(
√
εkbr(x))
v + ((τγξ ◦ τx)(Zv,ξ(1)))T
)
,
where grad r is the gradient vector field of r (with respect to the induced metric
on B), (·)T is the TM -component of (·) and Zv,ξ(: R → p) is the solution of the
following differential equation:
(2.5)
Z ′′(s) = ad(τ−1x ξ)
2(Z(s))− 2[[τ−1x ξ, τ−1x ((Dcosξ ◦ (Dcoξ )−2)((grad r)x)], τ−1x (Dcosξ(v0)]
−2
[
[τ−1x ξ, sτ
−1
x (D
si
sξ(v0))], τ
−1
x
(
dDcosξ
ds
◦ (Dcoξ )−2
)
((grad r)x)
]
satisfying the following initial condition:
(2.6) Z(0) = τ−1x (((D
co)−2)∗ξv)(grad r)x),
and
(2.7) Z ′(0) = 0,
where v0 is the element of T
⊥
x B corresponding to v under the identification of
Tξ(T
⊥
x B) and T
⊥
x B, ((D
co)−2)∗ξ is the differential of (Dco)−2 at ξ (which is re-
garded as a map from T⊥x B to T ∗xB ⊗ TxB) and ((Dco)−2)∗ξv is regarded as an
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element of T ∗xB⊗ TxB under the natural identification of T(Dcoξ )−2(T ∗xB⊗ TxB) and
T ∗xB ⊗ TxB. According to (ii) of Theorem A in [Ko1], we have
(2.8)
AX˜ξ = −
√
εkb tan(
√
εkbr(x))√
1 + ||(Dcoξ )−1(grad r)x||2
X˜ξ
+
(Xr)
√
εkb tan(
√
εkbr(x))
(1 + ||(Dcoξ )−1(grad r)x||2)3/2
˜((Dcoξ )
−2(grad r)x)ξ
− 1√
1 + ||(Dcoξ )−1(grad r)x||2
((τγξ ◦ τx)(ZX,ξ(1)))T ,
where ZX,ξ(: R→ p) is the solution of the following differential equation:
(2.9)
Z ′′(s)
= ad(τ−1x ξ)
2(Z(s)) +
2Xr
r(x)
ad(τ−1x ξ)
2(τ−1x ((D
co
sξ ◦ (Dcoξ )−2)((grad r)x)))
−2
[
[τ−1x ξ, τ
−1
x ((D
co
sξ ◦ (Dcoξ )−2)((grad r)x))], τ−1x
dDcosξ
ds
X
]
−2
[
[τ−1x ξ, τ
−1
x (D
co
sξX)], τ
−1
x
(
dDcosξ
ds
◦ (Dcoξ )−2
)
((grad r)x)
]
satisfying the following initial condition:
(2.10) Z(0) = τ−1x (∇F )pi|MX˜ξ ((D
co
· )
−2(grad r)x)
and
(2.11) Z ′(0) = −[[τ−1x ξ, τ−1x X], τ−1x (Dcoξ )−2(grad r)x],
where (∇F )pi|M is the pull-back connection of the Riemannian connection ∇F of F
by π|M . Here we give the table of the correspondence between the above notations
and the notations in [Ko1].
The notation in [Ko1] The notations in this paper Remark
M B
ε r
tε(M) M(= tr(B))
AεE A
Bξ D
co
ξ by the reflectivity of F
g∗ τx
µ(g−1∗ ξ)
√
εkbr(x)
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Table 1.
Assumption. Assume that there exists k0 ∈ {0, 1, 2} such that τ−1x ((grad r)x) ∈
pk0β ∩p′ holds for any ξ ∈M ∩T⊥x B, where we note that pk0β depends on the choice
of ξ.
Denote by (·)k the τx(pkβ)-component of (·) ∈ TxB, where k ∈ K ∪ {0}. Then we
have
(2.12) (Dcoξ )
−j((grad r)x) =
1
cosj(
√
εk0br(x))
(grad r)x (j = 1, 2)
and
(2.13) ((Dco)−2∗ξ (v))((grad r)x) =
2
√
εk0br(x) sin(
√
εk0br(x))
cos3(
√
εk0br(x))
(grad r)x.
Since F is reflective, it is an orbit of a Hermann action (i.e., the action of a symmetric
subgroup of G) and hence it is homogeneous. Let c : I → B be the (homogeneous)
geodesic in B with c′(0) = X and ξ̂ the normal vector field of B along c such
that ξ̂(0) = ξ, ξ̂||ξ̂|| is parallel (with respect to the normal connection) and that
||ξ̂(t)|| = r(π(c(t))) for all t in the domain of ξ̂. This curve ξ̂ is regarded as a
curve in M with ξ˜′(0) = X˜ξ. Since c is a homogeneous curve, it is described as
c(t) = â(t)x (t ∈ I) for some curve â : I → G. Then, since ξ̂||ξ̂|| is parallel and F
is a submanifold with section (i.e., with Lie triple systematic normal bundle in the
sense of [Ko1]) by the reflectivity of F , we can show
(2.14) Span{ξ̂(t)} = â(t)∗(Span{ξ})(= (â(t)∗ ◦ τx)(b) (t ∈ I)
(see Theorem 5.5.12 of [PT]) and
(2.15) Tc(t)B =
∑
k∈K∪{0}
(Tc(t)B ∩ (â(t)∗ ◦ τx)(pkβ)).
Denote by (·)k the (â(t)∗ ◦ τx)(pkβ)-component of (·) ∈ Tc(t)B. Then we can show
(2.16)
(∇F )pi|M
X˜ξ
((Dco· )
−2grad r) =
∇F
dt
∣∣∣∣
t=0
(Dco
ξ̂(t)
)−2((grad r)c(t))
=
∇F
dt
∣∣∣∣
t=0
(
1
cos2(
√
εk0br(c(t)))
(grad r)c(t)
)
=
2(Xr)
√
εk0b sin(
√
εk0br(x))
cos3(
√
εk0br(x))
(grad r)x
+
1
cos2(
√
εk0br(x))
∇F
dt
∣∣∣∣
t=0
(grad r)c(t),
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where ∇
F
dt is the covariant derivative along c with respect to ∇F . Since F is a
submanifold with section, we have
(2.17) [[p′, p′⊥], p′⊥] ⊂ p′, [[p′⊥, p′⊥], p′] ⊂ p′ and [[p′⊥, p′], p′] ⊂ p′⊥.
Hence, since Zv satisfies (2.5), we have
Z ′′v (s) ≡ ad(τ−1x ξ)2Zv(s) (mod p′)
Also, since Zv satisfies (2.6), it follows from (2.13) that Zv(0) ≡ 0 (mod p′). Fur-
thermore, since Zv satisfies (2.7), we have Z
′
v(0) = 0. Hence we can show Zv(s) ≡
0 (mod p′). Therefore, form (2.4), we obtain
(2.18) Av ≡
√
εkb cos(
√
εk0br(x))
tan(
√
εkbr(x))
√
cos2(
√
εk0br(x)) + ||(grad r)x||2
v (mod p′).
On the other hand, from (2.3) and (2.8), we have
(2.19)
AX˜ξ ≡
g(AX˜ξ , X˜ξ)
||X˜ ||2
X˜ξ
=
{
−
√
εkb tan(
√
εkbr(x)) cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
+
(Xr)2
√
εkb tan(
√
εkbr(x)) cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
×(cos(
√
εk0br(x)) cos(
√
εkbr(x)) + ||(grad r)x||2)
(cos2(
√
εkbr(x))||X||2 + (Xr)2)
−cos(
√
εk0br(x))g¯(((τγξ ◦ τx)(ZX,ξ(1)))T , exp⊥∗ (X˜ξ))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
× 1
(cos2(
√
εkbr(x))||X||2 + (Xr)2)
}
X˜ξ
(modTξM ⊖ T⊥span{X˜ξ}).
Denote by (•)p′ (resp. (•)p′⊥) the p′-component (resp. the p′⊥-component) of (•).
Also, denote by (•)p′
k¯
the (p′ ∩ pk¯)-component of (•) (k¯ ∈ K ∪ {0}), and (•)p′⊥
k¯
the
(p′⊥ ∩ pk¯)-component of (•) (k¯ ∈ {0, 1, 2}). Now we shall calculate Zv,ξ. Since Zv,ξ
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satisfies (2.5), it follows from the relations in (2.17) that
(2.20)
(Zv,ξ)
′′
p′
k¯
(s) =

−(√εk0br(x))2(Zv,ξ)p′
k¯
(s)
+m cos(s
√
εkbr(x)) cos(s
√
εk0br(x))C
1
v,ξ
± sin(s√εkbr(x)) sin(s√εk0br(x))C2v,ξ
(k¯ = |k0 ± k|)
−(√εk¯br(x))2(Zv,ξ)p′
k¯
(s) (k¯ 6= |k0 ± k|)
and
(2.21) (Zv,ξ)
′′
p′⊥
k¯
(s) = −(√εk¯br(x))2(Zv,ξ)p′⊥
k¯
(s),
where Civ,ξ (i = 1, 2) are given by
C1v,ξ := −
2
cos2(
√
εk0br(x))
[[τ−1x ξ, τ
−1
x (grad r)x)], τ
−1
x v]
and
C2v,ξ :=
k0
k cos2(
√
εkbr(x))
[[τ−1x ξ, τ
−1
x v], τ
−1
x (grad r)x)].
Note thatC1v,ξ andC
2
v,ξ belong to p
′
k0+k+p
′|k0−k| because of [[p0, pk0 ], pk], [[p0, pk], pk0 ]
∈ pk0+k + p|k0−k| and (2.17). Since Zv,ξ satisfies (2.6), it follows from (2.13) that
(2.22) (Zv,ξ)p′
k¯
(0) =

2
√
εk0br(x) sin(
√
εk0br(x))
cos3(
√
εk0br(x))
(τ−1x (grad r)x))p′
k¯
(k¯ = k0)
0 (k¯ 6= k0)
and
(2.23) (Zv,ξ)p′⊥
k¯
(0) = 0.
Also, since Zv,ξ satisfies (2.7), we have
(2.24) (Zv,ξ)
′
p′
k¯
(0) = 0
and
(2.25) (Zv,ξ)
′
p′⊥
k¯
(0) = 0.
18
By solving (2.20) under the initial conditions (2.22) and (2.24), we can derive
(2.26)
(Zv,ξ)p′
k¯
(s)
=

±1
4
(
cos(s
√
εk0br(x)) cos(s
√
εkbr(x))
k0k(
√
εbr(x))2
+
s sin(s
√
ε(k0 ± k)br(x))√
ε(k0 ± k)br(x)
−cos(s
√
ε(k0 ± k)br(x))
k0k(|
√
εbr(x))2
)
(C1v,ξ)p′|k0±k|
±1
4
(
cos(s
√
εk0br(x)) cos(s
√
εkbr(x))
k0k(
√
εbr(x))2
−s sin(s
√
ε(k0 ± k)br(x))√
ε(k0 ± k)br(x)
−cos(s
√
ε(k0 ± k)br(x))
k0k(|
√
εbr(x))2
)
(C2v,ξ)p′|k0±k|
(k¯ = |k0 ± k| 6= 0)
±sin(s
√
εk0br(x)) sin(s
√
εkbr(x))√
ε(k0 ± k)br(x) (C
1
v,ξ)p′0
−s sin(s
√
ε(k0 ± k)br(x))√
ε(k0 ± k)br(x) (C
2
v,ξ)p′0
(k¯ = |k0 − k| = 0)
2
√
εk0br(x) sin(
√
εk0br(x)) cos(s
√
εkbr(x))
cos3(
√
ε(k0 ± k)br(x))
×τ−1x ((grad r)x)
(k¯ = k0)
0 (k¯ 6= k0, |k0 ± k|).
Also, by solving (2.21) under the initial conditions (2.23) and (2.25), we can derive
(2.27) (Zv,ξ)p′⊥
k¯
≡ 0.
According to Lemma 3.2 in [Ko1], we have
(2.28) Nξ =
cos(
√
εk0br(x))||ξ||τγξ (ξ)− τγξ((grad r)x)√
cos2(
√
εk0br(x)) + ||(grad r)x||2
Also, according to (2.26), (Zv,ξ)p′(s) is descirbed as
(Zv,ξ)p′(s) =
2∑
i=1
(
ai,+v,ξ (s)(C
i
v,ξ)p′k0+k
+ ai,−v,ξ (s)(C
i
v,ξ)p′|k0−k|
)
+ a¯v,ξ(s)τ
−1
x ((grad r)x)
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in terms of some explicitly described functions ai,±v,ξ (i = 1, 2). From (2.26), (2.27), (2.28)
and the definitions of Civ,ξ (i = 1, 2), we can derive
(2.29)
(τγξ ◦ τx)((Zv,ξ)(1)))T
= (τγξ ◦ τx)((Zv,ξ)p′(1))) − g¯((τγξ ◦ τx)((Zv,ξ)p′(1))), Nξ)Nξ
=
2∑
i=1
(τγξ ◦ τx)
(
ai,+v,ξ (1)(C
i
v,ξ)p′k0+k
+ ai,−v,ξ (1)(C
i
v,ξ)p′|k0−k|
)
+
a¯v,ξ(1) cos(
√
εk0br(x))
cos2(
√
εk0br(x)) + ||(grad r)x||2
×τγξ
(
cos(
√
εk0br(x))(grad r)x +
||(grad r)x||2
r(x)
ξ
)
,
where we use
(2.30)
g¯([[τ−1x ξ, τ
−1
x ((grad r)x)], τ
−1
x (v)], τ
−1
x ξ)
= g¯(ad(τ−1x ξ)
2(τ−1x ((grad r)x)), τ
−1
x (v)) = 0
and
(2.31)
g¯([[τ−1x ξ, τ
−1
x (v)], τ
−1
x ((grad r)x)], τ
−1
x ξ)
= g¯(ad(τ−1x ξ)
2(τ−1x ((grad r)x)), τ
−1
x (v)) = 0.
From (2.3), (2.4) and (2.29), we can derive the following relations:
(2.32)
Av =
cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
{ √
εkb
tan(
√
εkbr(x))
v
+
2∑
i=1
(
ai,+v,ξ (1)
cos(
√
ε(k0 + k)br(x))
˜(τx((Civ,ξ)p′k0+k
))
ξ
+
ai,−v,ξ (1)
cos(
√
ε(k0 − k)br(x))
˜(τx((Civ,ξ)p′|k0−k|
))
ξ
)
+
a¯v,ξ(1) cos(
√
εk0br(x))
cos2(
√
εk0br(x)) + ||(grad r)x||2
˜((grad r)x)ξ
}
.
Next we shall calculate ZX,ξX. Since ZX,ξ satisfies (2.9), it follows from the
relations in (2.17) that
(2.33) (ZX,ξ)
′′
p′
k¯
(s) =

−(√εk0br(x))2(ZX,ξ)p′
k0
(s)
+ cos(s
√
εk0br(x))C
1
X,ξ
(k¯ = k0)
−(√εk¯br(x))2(ZX,ξ)p′
k¯
(s) (k¯ 6= k0)
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and
(2.34)
(ZX,ξ)
′′
p′⊥
k¯
(s)
=

−(√εk¯br(x))2(ZX,ξ)p′⊥
k¯
(s)
± sin(s√εkbr(x)) cos(s√εk0br(x))(C2X,ξ)p′⊥|k0±k|
+sin(s
√
εk0br(x)) cos(s
√
εkbr(x))(C3X,ξ)p′⊥|k0±k|
(k¯ = |k0 ± k|)
−(√εk¯br(x))2(ZX,ξ)p′⊥
k¯
(s) (k¯ 6= |k0 ± k|),
where CiX,ξ (i = 1, 2, 3) are given by
C1X,ξ := −
2(Xr)(
√
εk0b)
2r(x)
cos2(
√
εk0br(x))
τ−1x ((grad r)x) (∈ p′k0),
C2X,ξ :=
2
√
εkbr(x)
cos2(
√
εk0br(x))
[[τ−1x ξ, τ
−1
x (grad r)x)], τ
−1
x X]
and
C3X,ξ :=
2
√
εk0br(x)
cos2(
√
εk0br(x))
[[τ−1x ξ, τ
−1
x X], τ
−1
x (grad r)x)].
Note thatC2X,ξ andC
3
X,ξ belong to p
′⊥
k0+k+p
′⊥|k0−k| because of [[p0, pk0 ], pk], [[p0, pk0 ], pk] ∈
pk0+k + p|k0−k| and (2.17). Also, since ZX,ξ satisfies (2.10), it follows from (2.16)
that
(2.35)
(ZX,ξ)p′
k¯
(0) = (τ−1x (∇F )pi|MX˜ξ ((D
co
· )
−2grad r))p′
k¯
=

2
√
εk0b(Xr) sin(
√
εk0br(x))
cos3(
√
εk0br(x))
τ−1x ((grad r)x)
+
1
cos2(
√
εk0br(x))
(τ−1x (∇FXgrad r))p′k0
(k¯ = k0)
1
cos2(
√
εk0br(x))
(τ−1x (∇FXgrad r))p′
k¯
(k¯ 6= k0)
and
(2.36) (ZX,ξ)p′
k¯
⊥(0) = 0.
Furthermore, since Z ′X,ξ(0) satisfies (2.10), it follows from the third relation in (2.16)
that
(2.37) (ZX,ξ)
′
p′
k¯
(0) = 0
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and
(2.38) (ZX,ξ)
′
p′⊥
k¯
(0) =
 −
1
2
√
εk0br(x)
(C3X,ξ)p′⊥|k0±k|
(k¯ = |k0 ± k|)
0 (k¯ 6= |k0 ± k|).
By solving (2.33) under the initial conditions (2.35) and (2.37), we can derive
(2.39)
(ZX,ξ)p′
k¯
(s)
=

2
√
εk0b(Xr) sin(
√
εk0br(x))
cos3(
√
εk0br(x))
× cos(s√εk0br(x))τ−1x ((grad r)x)
+
cos(s
√
εk0br(x))
cos2(
√
εk0br(x))
(τ−1x (∇FXgrad r))p′k0
+
s sin(s
√
εk0br(x))
2
√
εk0br(x)
C1X,ξ
(k¯ = k0)
cos(s
√
εk¯br(x))
cos2(
√
εk0br(x))
(τ−1x (∇FXgrad r))p′
k¯
(k¯ 6= k0)
Also, by solving (2.34) under the initial conditions (2.36) and (2.38), we can derive
(2.40)
(ZX,ξ)p′⊥
k¯
(s)
=

−1
4
(
sin(s
√
εk0br(x)) cos(s
√
εkbr(x))
±k0k(
√
εbr(x))2
+
s cos(s
√
ε(k0 ± k)br(x))
|k0 ± k|
√
εbr(x)
)
(C2X,ξ)p′⊥
|k0±k|
−1
4
(
sin(s
√
εkbr(x)) cos(s
√
εk0br(x))
k0k(
√
εbr(x))2
+
s cos(s
√
ε(k0 + k)br(x))
|k0 ± k|
√
εbr(x)
)
(C3X,ξ)p′⊥
|k0±k|
− sin(s
√
ε|k0 ± k|br(x))
2(
√
εbr(x))2k0|k0 ± k|(C
3
X,ξ)p′⊥
|k0±k|
(k¯ = |k0 ± k| 6= 0)
−1
2
(
sin(s
√
εk0br(x)) cos(s
√
εk0br(x))
(
√
εk0br(x))2
+
s√
εk0br(x)
)
(C2X,ξ)p′⊥0
(k¯ = |k0 − k| = 0)
0 (k¯ 6= |k0 ± k|).
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On the other hand, according to Lemma 3.3 in [Ko1], we have
((τγξ ◦ τx)((ZX,ξ)p′(1)))T
= ˜((Dcoξ )
−1(τx(ZX,ξ)p′(1)))ξ
−((D
co
ξ )
−1(τx(ZX,ξ)p′(1)))r
1 + ||(Dcoξ )−1(grad r)x||2
˜((Dcoξ )
−2(grad r)x)ξ.
From this relation, (2.3) and (2.39), we obtain
(2.41)
((τγξ ◦ τx)((ZX,ξ)p′(1)))T
=
2
√
εk0b tan(
√
εk0br(x)) · (Xr)
cos2(
√
εk0br(x)) + ||(grad r)x||2 (
˜(grad r)x)ξ
− gF (∇
F
Xgrad r, (grad r)x)
(cos2(
√
εk0br(x)) + ||(grad r)x||2) cos2(
√
εk0br(x))
( ˜(grad r)x)ξ
+
1
cos2(
√
εk0br(x))
( ˜∇FXgrad r)ξ.
According to Lemma 3.2 in [Ko1], we have
(2.42) Nξ =
cos(
√
εk0br(x))||ξ||−1τγξ(ξ)− τγξ((grad r)x)√
cos2(
√
εk0br(x)) + ||(grad r)x||2
Also, according to (2.40), (ZX,ξ)p′⊥(s) is descirbed as
(2.43) (ZX,ξ)p′⊥(s) =
3∑
i=2
(
ai,+X,ξ(s)(C
i
X,ξ)p′⊥k0+k
+ ai,−X,ξ(s)(C
i
X,ξ)p′⊥|k0−k|
)
in terms of some explicitly described functions ai,±X,ξ (i = 2, 3). From (2.42), (2.43)
and the definitions of CiX,ξ (i = 1, 2), we can derive
(2.44)
(τγξ ◦ τx)((ZX,ξ)p′⊥(1)))T
= (τγξ ◦ τx)((ZX,ξ)p′⊥(1))) − g¯((τγξ ◦ τx)((ZX,ξ)p′⊥(1))), Nξ)Nξ
=
3∑
i=2
(τγξ ◦ τx)
(
ai,+X,ξ(1)(C
i
X,ξ)p′⊥k0+k
+ ai,−X,ξ(1)(C
i
X,ξ)p′⊥|k0−k|
)
+
(
√
εk0br(x))
2 cos(
√
εk0br(x))(Xr)
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
(
2a2,−X,ξ(1)
√
εkb
cos2(
√
εk0br(x))
+
2a3,−X,ξ(1)
√
εk0b
cos2(
√
εk0br(x))
)
×
(
cos(
√
εk0br(x))
r(x)
τγξ(ξ)− τγξ((grad r)x)
)
,
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where we use
(2.45) g¯([[τ−1x ξ, τ
−1
x ((grad r)x)], τ
−1
x (X)]p′⊥k0+k
, τ−1x ξ) = 0,
(2.46)
g¯([[τ−1x ξ, τ
−1
x ((grad r)x)], τ
−1
x (X)]p′⊥|k0−k|
, τ−1x ξ)
= g¯(ad(τ−1x ξ)
2(τ−1x ((grad r)x)), τ
−1
x (X))
= −(√εk0br(x))2(Xr),
(2.47) g¯([[τ−1x ξ, τ
−1
x (X)], τ
−1
x ((grad r)x)]p′⊥k0+k
, τ−1x ξ) = 0
and
(2.48)
g¯([[τ−1x ξ, τ
−1
x (X)], τ
−1
x ((grad r)x)]p′⊥|k0−k|
, τ−1x ξ)
= g¯(ad(τ−1x ξ)
2(τ−1x ((grad r)x)), τ
−1
x (X))
= −(√εk0br(x))2(Xr).
From (2.2), (2.8), (2.41) and (2.44), we can derive the following relations:
(2.49)
AX˜ξ = −
√
εkb tan(
√
εkbr(x)) cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
X˜ξ
−(Xr)
√
εkb tan(
√
εkbr(x)) cos(
√
εk0br(x))
(cos2(
√
εk0br(x)) + ||(grad r)x||2)3/2
˜((grad r)x)ξ
+
cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
{
gF (∇FXgrad r, (grad r)x)( ˜(grad r)x)ξ
(cos2(
√
εk0br(x)) + ||(grad r)x||2) cos2(
√
εk0br(x))
− 1
cos2(
√
εk0br(x))
( ˜∇FXgrad r)ξ
−
3∑
i=2
(
ai,+X,ξ(1)
√
ε(k0 + k)br(x)
sin(
√
ε(k0 + k)br(x))
τx((C
i
X,ξ)p′⊥k0+k
)
+
ai,−X,ξ(1)
√
ε(k0 − k)br(x)
sin(
√
ε(k0 − k)br(x)) τx((C
i
X,ξ)p′⊥|k0−k|
)
)
−(
√
εk0br(x))
2 cos(
√
εk0br(x))(Xr)
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
(
2a2,−X,ξ(1)
√
εkb
cos2(
√
εk0br(x))
+
2a3,−X,ξ(1)
√
εk0b
cos2(
√
εk0br(x))
)
×
(
cos(
√
εk0br(x))
r(x)
τγξ(ξ)−
√
εk0br(x)
sin(
√
εk0br(x))
((grad r)x)
)}
.
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Set mV := dimV, mH := dimH, mVk := dim(pkβ ∩ p′⊥) (k = 1, 2) and mHk :=
dim(pkβ ∩ p′) (k = 0, 1, 2).
From (2.32) and (2.49), we obtain the following description of the mean curvature
vector H.
Proposition 2.1. Under the assumption of τ−1x ((grad r)x) ∈ pk0β ∩ p′, the mean
curvature Hξ of M at ξ is described as
(2.50)
Hξ =
cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
{
2∑
k=1
mVk
√
εkb
tan(
√
εkbr(x))
−
∑
k∈K
mHk
√
εkb tan(
√
εkbr(x))− (△F r)(x)
cos2(
√
εk0br(x))
−||(grad r)x||
2√εk0b tan(
√
εk0br(x))
cos2(
√
εk0br(x)) + ||(grad r)x||2
+
(∇F dr)x((grad r)x, (grad r)x)
cos2(
√
εk0br(x))(cos2(
√
εk0br(x)) + ||(grad r)x||2)
}
.
Proof. Let (e1 · · · emH ) be an orthonormal tangent frame of B at x, where we take
e1 as e1 = (grad rt)c¯t(x0)/||(grad rt)c¯t(x0)|| in the case of (grad rt)c¯t(x0) 6= 0. Also, let
(eˆ1, · · · , eˆmV ) be an orthonormal base of Vξ. Then we have
Hξ =
mV∑
i=1
g(Aeˆi, eˆi)
||eˆi||2 +
mH∑
i=1
g(A((e˜i)ξ), (e˜i)ξ)
||(e˜i)ξ||2 .
By substituting (2.32) and (2.49) into this relation and using (2.3), we obtain the
desired relation, where we note that the following relation holds:
(2.51)
mH∑
i=1
g¯( ˜(∇Feigrad r)ξ, (e˜i)ξ)
||(e˜i)ξ||2
= (△F r)(x).
q.e.d.
3 The volume element of a tube over a reflective sub-
manifold
We shall use the notations in Introduction and the previous section. In this section,
we shall calculate the volume element of M . First we recall the description of the
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Jacobi field in a symmetric space M . The Jacobi field J along the geodesic γ in M
is described as
(3.1) J(t) = τγ|[0,t]
(
Dcotγ′(0)(J(0)) + tD
si
tγ′(0)(J
′(0))
)
.
Let rF be as in Introduction. By using (3.1), we can derive
rco(γ) =

π
2
√
εb
(when mV2 6= 0)
π√
εb
(when mV2 = 0)
and
rfo(γ) = min
{
π
2
√
εkb
∣∣∣∣ k ∈ K} .
Hence we obtain
(3.2) rF =

min
{
π
2
√
εkb
∣∣∣∣ k ∈ K ∪ {1}} (when mV2 6= 0)
min
{
π
2
√
εkb
∣∣∣∣ k ∈ K ∪{12
}}
(when mV2 = 0).
Fix ξ ∈ M ∩ T⊥x B and X ∈ TxB. Without loss of generality, we may assume that
τ−1x ξ ∈ b. By the assumption (C2), we may assume that τ−1x ((grad r)x) ∈ pk0β ∩ p′
for some k0 ∈ K ∪ {0}. Let S˜(x, r(x)) be the hypersphere of radius r(x) in T⊥x B
centered the origin and S(x, r(x)) the geodesic hypersphere of radius r(x) in F⊥x :=
exp⊥(T⊥x B) centered x. Denote by dv(·) the volume element of the induced metric
on (·). Take v ∈ TξS˜(x, r(x)). Define a function ψr over B by
(3.3)
ψr(x) :=
(
2
Π
k=1
(
sin(
√
εkbr(x))√
εkb
)mVk )(
Π
k∈K\{k0}
cosm
H
k (
√
εkbr(x))
)
× cosmHk0−1(√εk0br(x))
√
cos2(
√
εk0br(x)) + ||(grad r)x||2.
We have r < rF because exp
⊥ |tr(B) is not an immersion when r(x) = rF for some
x ∈ B. Hence ψr is positive by (3.2). Define a function ρr over B by
(3.4)
ρr(x) :=
cos(
√
εk0br(x))√
cos2(
√
εk0br(x)) + ||(grad r)x||2
×
(
2∑
k=1
mVk
√
εkb
tan(
√
εkbr(x))
−
∑
k∈K
mHk
√
εkb tan(
√
εkbr(x))
+
||(grad r)x||2
√
εk0b tan(
√
εk0br(x))
cos2(
√
εk0br(x)) + ||(grad r)x||2
)
.
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According to (2.50), we have
(3.5)
Hξ = ρr(x)− (△F r)(x)
cos(
√
εk0br(x))
√
cos2(
√
εk0br(x)) + ||(grad r)x||2
+
(∇F dr)x((grad r)x, (grad r)x)
cos(
√
εk0br(x))(cos2(
√
εk0br(x)) + ||(grad r)x||2)3/2
.
From (2.2) and (2.3), we can derive the following relation for the volume element of
M .
Proposition 3.1. The volume element dvM is given by
(3.6) (dvM )ξ = ψr(x)
(
((exp⊥ |S˜(x,r(x)))−1)∗dvS˜(x,r(x)) ∧ (π|M )∗dvF
)
,
where ξ ∈M ∩ T⊥x B.
From (3.6), we can derive the following relation for the volume of M .
Proposition 3.2. The volume Vol(M) of M and the average mean curvature H of
M are given by
(3.7) Vol(M) = vmV
∫
B
rm
V
ψrdvF
and
(3.8)
H =
1∫
B r
mV ψrdvF
×
∫
x∈B
rm
V
(
ρr(x)− (△F r)(x)
cos(
√
εk0br(x))
√
cos2(
√
εk0br(x)) + ||(grad r)x||2
+
(∇F dr)x((grad r)x, (grad r)x)
cos(
√
εk0br(x))(cos2(
√
εk0br(x)) + ||(grad r)x||2)3/2
)
ψr dvF ,
respectively, where ξ ∈ M ∩ T⊥x B and vmV is the volume of the mV -dimensional
Euclidean unit sphere.
4 The evolution of the radius function
Let F, B, M = tr0(B) and f be as in Setting (S) of Introduction. Assume that the
volume-preserving mean curvature flow ft (t ∈ [0, T )) starting from f satisfies the
conditions (C1) and (C2). We use the notations in Introduction and Sections 1-3.
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Denote by S⊥B the unit normal bundle of of B and S⊥x B the fibre of this bundle
over x ∈ B. Define a positive-valued function r̂t : M → R (t ∈ [0, T )) and a map
w1t :M → S⊥B (t ∈ [0, T )) by ft(ξ) = exp⊥(r̂t(ξ)w1t (ξ)) (ξ ∈M). Also, define a map
ct : M → B by ct(ξ) := π(w1t (ξ)) (ξ ∈ M) and a map wt : M → T⊥B (t ∈ [0, T ))
by wt(ξ) := r̂t(ξ)w
1
t (ξ) (ξ ∈M). Here we note that ct is surjective by the boundary
condition in Theorem A, r̂0(ξ) = r0(π(ξ)) and that c0(ξ) = π(ξ) (ξ ∈M). Define a
function r¯t over B by r¯t(x) := r̂t(ξ) (x ∈ B) and a map c¯t : B → B by c¯t(x) := ct(ξ)
(x ∈ B), where ξ is an arbitrary element of M ∩ S⊥x B. It is clear that they are
well-defined. This map c¯t is not necessarily a diffeomorphism. In particular, if c¯t
is a diffeomorphism, then Mt := ft(M) is equal to the tube exp
⊥(trt(B)), where
rt := r¯t ◦ c¯−1t . It is easy to show that, if ct(ξ1) = ct(ξ2), then r̂t(ξ1) = r̂t(ξ2)
and π(ξ1) = π(ξ2) hold. Also, let a : M × [0, T ) → G be a smooth map with
a(ξ, t)p0 = ct(ξ) (ξ, t) ∈M × [0, T ). In this section, we shall calculate the evolution
equations for the functions rt and r̂t. Define f˜ : M × [0, T ) →M, r : B × [0, T ) →
R, w1 : M × [0, T ) → M and c : M × [0, T ) → B by f˜(ξ, t) := ft(ξ), r(x, t) :=
rt(x), w
1(ξ, t) := w1t (ξ), w(ξ, t) := wt(ξ) and c(ξ, t) := ct(ξ), respectively, where
ξ ∈ M,x ∈ B and t ∈ [0, T ) (see Figure 7). Fix (ξ0, t0) ∈ M × [0, T ) and set x0 :=
c(ξ0, t0). According to the condition (C2), we may assume that τ
−1
x0 ((gradrt0)x0)
belong to pk0β for some k0 ∈ K ∪ {0}, where K and pk0β are the quantities defined
as in Section 2 for the maximal ableian subspace b := Span{τ−1x0 (w(ξ0, t0))} of p′⊥.
Clearly we have
(4.1) f˜∗
(
∂
∂t
)
(ξ0,t0)
=
d
dt
∣∣∣∣
t=t0
f˜(ξ0, t) =
d
dt
∣∣∣∣
t=t0
exp⊥(w(ξ0, t)).
f(ξ)
ft(ξ)
c0(ξ) = c¯0(x) = x
ct(ξ) = c¯t(x)
B
ft(M)
f(M)
wt(ξ)
w0(ξ) = ξ
Figure 7.
Let J be the Jacobi field along the geodesic γw(ξ0,t0) (of direction w(ξ0, t0)) with
28
J(0) = c∗
(
∂
∂t
)
(ξ0,t0)
and J ′(0) =
∇
∂t
∣∣∣∣
t=t0
w(ξ0, ·), where ∇
∂t
is the pull-back con-
nection of ∇ by t 7→ c(ξ0, t). This Jacobi field J is described as
J(s) = τγw(ξ0,t0)|[0,s]
(
Dcosw(ξ0,t0)
(
c∗
(
∂
∂t
)
(ξ0,t0)
))
+τγw(ξ0,t0)|[0,s]
(
sDsisw(ξ0,t0)
(
∇
∂t
∣∣∣∣
t=t0
w(ξ0, ·)
))
.
According to (4.1), we have
(4.2)
f˜∗
(
∂
∂t
)
(ξ0,t0)
= J(1)
= τγw(ξ0,t0)|[0,1]
(
Dcow(ξ0,t0)
(
c∗
(
∂
∂t
)
(ξ0,t0)
))
+τγw(ξ0,t0)|[0,1]
(
Dsiw(ξ0,t0)
(
∇
∂t
∣∣∣∣
t=t0
w(ξ0, ·)
))
.
On the other hand, we have
(4.3)
∇
∂t
∣∣∣∣
t=t0
w(ξ0, ·)
=
dr̂(ξ0, t)
dt
∣∣∣∣
t=t0
w1(ξ0, t0) + r̂(ξ0, t0)
∇
∂t
∣∣∣∣
t=t0
w1(ξ0, t).
From (4.2) and (4.3), we have
(4.4)
f˜∗
(
∂
∂t
)
(ξ0,t0)
≡ dr̂(ξ0, t)
dt
∣∣∣∣
t=t0
τγw(ξ0,t0)|[0,1](w
1(ξ0, t0))
(mod Span{τγw(ξ0,t0)|[0,1](w
1(ξ0, t0))}⊥).
Notation. Set
T1 := sup{t′ ∈ [0, T ) | Mt := ft(M) (0 ≤ t ≤ t′) : tubes over B}.
(Note that c¯t (0 ≤ t < T1) are diffeomorphisms.)
Assume that t0 < T1. According to Lemma 3.2 in [Ko1], we have
(4.5)
N(ξ0,t0) ≡
cos(
√
εk0brt0(x0))√
cos2(
√
εk0brt0(x0)) + ||(grad rt0)x0 ||2
×τγw(ξ0,t0)|[0,1](w
1(ξ0, t0))
(mod Span{τγw˜(ξ0,t0)|[0,1](w
1(ξ0, t0))}⊥).
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From (1.1), (1.2) and (4.5), we obtain the following relation
(4.6)
f˜∗
(
∂
∂t
)
(ξ0,t0)
≡ cos(
√
εk0brt0(x0))(H t0 − ρrt0 (x0))√
cos2(
√
εk0brt0(x0)) + ||(grad rt0)x0 ||2
+
cos(
√
εk0brt0(x0))√
cos2(
√
εk0brt0(x0)) + ||(grad rt0)x0 ||2
×
 (△F rt0)(x0)
cos(
√
εk0brt0(x0))
√
cos2(
√
εk0brt0(x0)) + ||(gradt0 rt0)x0 ||2
− (∇
F drt0)x0((gradt0rt0)x0 , (gradt0 rt0)x0)
cos(
√
εk0brt0(x0))(cos
2(
√
εk0brt0(x0)) + ||(grad rt0)x0 ||2)3/2
)
×τγw(ξ0,t0)|[0,1](w
1(ξ0, t0))
(mod Span{τγw(ξ0,t0)|[0,1](w
1(ξ0, t0))}⊥).
From (3.5), (4.4), (4.6) and the arbitrariness of (ξ0, t0), we can derive the following
relation:
(4.7)
∂r̂
∂t
(ξ, t) =
∂r
∂t
(c(ξ, t), t) + drt
(
∂c
∂t
(ξ, t)
)
=
cos(
√
εk0brt(c(ξ, t)))(H t − ρrt(c(ξ, t)))√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2
+
cos(
√
εk0brt(c(ξ, t)))√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2
×
 (△F rt)(c(ξ, t))
cos(
√
εk0brt(c(ξ, t)))
√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2
− (∇
F drt)c(ξ,t)((grad rt)c(ξ,t), (grad rt)c(ξ,t))
cos(
√
εk0brt(c(ξ, t)))(cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2)3/2
)
((ξ, t) ∈ M × [0, T1)). Next we shall calculate ∂c
∂t
. Denote by Dt the closed
domain surrounded by P and Mt, and D˜ the maximal domain in T
⊥B contain-
ing the 0-section such that exp⊥ |D˜ is a diffeomorphism into M . From ct(ξ) =
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(π ◦ (exp⊥ |D˜)−1)(ft(ξ)), we have
(4.8)
∂c
∂t
(ξ, t) = (π ◦ (exp⊥ |D˜)−1)∗
(
dft(ξ)
dt
)
= (H¯t −H(ξ,t))(π ◦ (exp⊥ |D˜)−1)∗(N(ξ,t)).
On the other hand, we have
(4.9)
N(ξ,t) =
τγw(ξ,t)(w
1(ξ, t)− (Dcow(ξ,t))−1(grad rt)c(ξ,t))√
1 + ||(Dco
w(ξ,t)
)−1(grad rt)c(ξ,t)||2
=
τγw(ξ,t)(cos(
√
εk0brt(c(ξ, t)))w
1(ξ, t)− (grad rt)c(ξ,t))√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2
by Lemma 3.2 in [Ko1]. Let s 7→ J(s) (0 ≤ s <∞) be the Jacobi field along γw1(ξ,t)
with J(0) = (grad rt)c(ξ,t) and J
′(0) = 0. Then we have
(π ◦ (exp⊥ |D˜)−1)∗(J(s)) = J(0) = (grad rt)c(ξ,t).
On the other hand, according to (3.1), J(s) is described as
J(s) = τγ
w1(ξ,t)|[0,s](D
co
sw1(ξ,t)((grad rt)c(ξ,t)))
= cos(
√
εk0bs)τγw1(ξ,t)|[0,s]((grad rt)c(ξ,t)).
Therefore we obtain
(π ◦ (exp⊥ |D˜)−1)∗(τγw1(ξ,t)|[0,s]((grad rt)c(ξ,t))) =
1
cos(
√
εk0bs)
(grad rt)c(ξ,t).
Also, it is clear that (π ◦ (exp⊥ |
D˜
)−1)∗
(
τγw(ξ,t)|[0,s](w
1(ξ, t))
)
= 0. Therefore we
obtain
(4.10)
(π ◦ (exp⊥ |
D˜
)−1)∗(N(ξ,t))
= − (grad rt)c(ξ,t)
cos(
√
εk0brt(c(ξ, t)))
√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2
.
From (4.8) and (4.10), we can derive
(4.11)
∂c
∂t
(ξ, t)
=
(H(ξ,t) −Ht)(grad rt)c(ξ,t)
cos(
√
εk0brt(c(ξ, t)))
√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2
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and hence
(4.12)
drt
(
∂c
∂t
(ξ, t)
)
=
(H(ξ,t) −Ht)||(grad rt)c(ξ,t)||2
cos(
√
εk0brt(c(ξ, t)))
√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2
.
Next we shall calculate the Laplacian △t r̂t of r̂t with respect to the metric gt on
M induced by ft. Let Ht be the horizontal distribution on trt(B) and Ĥt be the
distribution M with ft∗(Ĥt) = exp⊥∗ (Ht). Also, let Vt be the vertical distribution
on trt(B). Note that ft∗(V0) = exp⊥∗ (Vt). For X ∈ Tct(ξ)B, denote by X˜twt(ξ)
the natural lift of X to wt(ξ) ∈ trt(B) and let X˜tξ be the element of TξM with
ft∗(X˜tξ) = exp
⊥∗ (X˜twt(ξ)) (see Figure 8). Note that {X˜tξ |X ∈ Tct(ξ)B} = Ĥtξ. Fix
x0 ∈ B and ξ0 ∈ M ∩ T⊥x0B. Let (e1, · · · , emH ) be an orthonormal tangent frame
of B at c¯t(x0) = ct(ξ0) and γi the geodesic in B with γ
′
i(0) = ei, where we take
e1 as e1 = (grad rt)c¯t(x0)/||(grad rt)c¯t(x0)|| in the case of (grad rt)c¯t(x0) 6= 0. Since
τ−1c¯t(x0)(e1) ∈ pk0β, we may assume that τ
−1
c¯t(x0)
(ei) ∈ pkiβ for some ki ∈ K (i =
1, · · · ,mH). Note that k1 = k0. Also, let (˜γi)
t
ξ0
be the curve in M starting from ξ0
such that ft ◦ (˜γi)
t
ξ0
is the natural lift of γi to Mt starting from ft(ξ0). Set
(Eti )s :=
((˜γi)
t
ξ0
)′(s)
||((˜γi)
t
ξ0
)′(s)||
= (γ˜′i(s))tξ0
||(γ˜′i(s))tξ0 ||
 (i = 1, · · · ,mH)
(see Figure 9). According to (2.3), note that ((Et1)0, · · · (EtmH )0) is an orthonormal
base of the horizontal subspace Ĥtξ0 with respect to (gt)ξ0 because we take e1 as
above. Also, let {Et
mH+1
, · · · , Etn} be a local orthonormal frame field (with respect to
gt) of the vertical distribution V around ξ0. Since F is reflective and τ−1c(ξ0,t)(ei) ∈ pkiβ,
we we can show that γ˜i
t is a pregeodesic in (M,gt). Hence we have
(4.13) ∇tEtiE
t
i = 0 (i = 1, · · · ,mH).
Also, since r̂t is constant along π
−1(c¯−1t (x)) ∩M for each x ∈ B, we have
(4.14) Etj r̂t = 0 (j = m
H + 1, · · · , n)
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f(ξ)
ft(ξ)
π(ξ)
ct(ξ)
B
ft(M)
f(M)
wt(ξ)
w0(ξ) = ξ
X
ft∗(X˜tξ) = exp
⊥∗ (X˜twt(ξ))
f∗(X˜tξ)
Figure 8.
f(ξ0)
ft(ξ0)
x0
ct(ξ0) = c¯t(x0)
B
ft(M)
f(M)
wt(ξ0)
w0(ξ0) = ξ0
ei
ft∗((Eti )s)
γi
ft ◦ γ˜ti
Figure 9.
From (4.13) and (4.14), we have
(4.15) (△tr̂t)ξ0 =
n∑
i=1
∇t(Eti )0∇
t
(Eti )0
r̂t =
mH∑
i=1
(Eti )0(E
t
i r̂t).
Denote by△F rt the Laplacian of rt with respect to gF . Then we have (△F rt)(c(ξ0, t)) =
mH∑
i=1
ei(γ
′
irt). From the definitions of rt and r̂t, we have
ei(γ
′
irt) =
d2
ds2
∣∣∣∣
s=0
rt(γi(s)) =
d2
ds2
∣∣∣∣
s=0
r̂t((γ˜i)
t
ξ0(s)) = (˜ei)
t
ξ0
(
((γ˜i)
t
ξ0)
′r̂t
)
.
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On the other hand, from (2.3), we have
(˜ei)
t
ξ0
(
((γ˜i)
t
ξ0)
′r̂t
)
=
(
cos2(
√
εk0brt(x0)) + ||(grad rt)x0 ||2
)
(Eti )0(E
t
i r̂t)
−
√
εk0b sin(
√
εk0brt(x0)) cos(
√
εk0brt(x0))(eirt)
2√
cos2(
√
εk0brt(x0)) + ||(grad rt)x0 ||2
+
(∇F drt)(ei, (grad rt)x0)(eirt)√
cos2(
√
εk0brt(x0)) + ||(grad rt)x0 ||2
.
Hence we can derive
(4.16)
(△F rt)(x0) =
(
cos2(
√
εk0brt(x0)) + ||(grad rt)x0 ||2
)
(△tr̂t)(ξ0)
−
√
εk0b sin(
√
εk0brt(x0)) cos(
√
εk0brt(x0))||(grad rt)x0 ||2
cos2(
√
εk0brt(x0)) + ||(grad rt)x0 ||2
+
(∇F drt)x0((grad rt)x0 , (grad rt)x0)
cos2(
√
εk0brt(x0)) + ||(grad rt)x0 ||2
.
From (3.5), (4.7), (4.12), (4.16) and the definition of ρrt , the following evolution equa-
tions are derived.
Lemma 4.1. (i) The radius functions rt’s satisfies the following evolution equation:
(4.17)
∂r
∂t
(x, t) − (△F rt)(x)
cos2(
√
εk0brt(x))
=
√
cos2(
√
εk0brt(x)) + ||(grad rt)x||2
cos(
√
εk0brt(x))
· (Ht − ρrt(x))
− (∇
F drt)x((grad rt)x, (grad rt)x)
cos2(
√
εk0brt(x))(cos2(
√
εk0brt(x)) + ||(grad rt)x||2)
((x, t) ∈M × [0, T1)).
(ii) The radius functions r̂t’s satisfies the following evolution equation:
(4.18)
∂r̂
∂t
(ξ, t)− (△tr̂t)(ξ)
=
cos(
√
εk0br̂t(ξ))(H t − ρrt(c(ξ, t)))√
cos2(
√
εk0br̂t(ξ)) + ||(grad rt)c(ξ,t)||2
−
√
εk0b sin(
√
εk0br̂t(ξ)) cos(
√
εk0br̂t(ξ))||(grad rt)c(ξ,t)||2
(cos2(
√
εk0br̂t(ξ)) + ||(grad rt)c(ξ,t)||2)2
((ξ, t) ∈M × [0, T1)).
ReplacingH in (4.17) to any C1,α/2 real-valued function φ such that φ(0) = H(0),
we obtain a parabolic equation, which has a unique solution rt such that grad rt = 0
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along ∂B in short time for any initial data r0 such that grad r0 = 0 holds along ∂B.
By using a routin fixed point argument (see [M]), we can establish the short time
existence and uniqueness also for (4.17) with the same boundary condition. From
this fact, we can derive the following statement.
Proposition 4.2. Under Setting (S), assume that M is a rank one symmetric space
and that F is an invariant submanifold. Then there uniquely exists the volume-
preserving mean curvature flow ft : M →֒ M starting from f and satisfying the
condition (C1) in short time.
Proof. Since M is of rank one and F is invariant, the condition (C2) holds auto-
matically. Hence the radius functions rt’s of ft satisfy (4.17). Hence the statement
is derived from the above fact. q.e.d.
Denote by gradtr̂t the gradient vector field of r̂t with respect to gt. The following
relation holds between grad rt and gradtr̂t.
Lemma 4.3. The norm of the gradient vector (gradtr̂t)ξ is described as
(4.19) ||(gradtr̂t)ξ||t =
||(grad rt)c(ξ,t)||√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2
,
where || · ||t is the norm of (·) with respect to gt.
Proof. It is clear that drt((grad rt)c(ξ,t)) = dr̂t(( ˜(grad rt)c(ξ,t))
t
ξ), and that (
˜(grad rt)c(ξ,t))
t
ξ
and (gradtr̂t)ξ are linearly dependent. Hence we have
||(grad rt)c(ξ,t)||2 = ||( ˜(grad rt)c(ξ,t))tξ||t · ||(gradtr̂t)ξ||t.
On the other hand, it follows from (2.3) that
||( ˜(grad rt)c(ξ,t))tξ||t = ||(grad rt)c(ξ,t)|| ·
√
cos2(
√
εk0brt(c(ξ, t))) + ||(grad rt)c(ξ,t)||2.
Therefore, we obtain the desired relation. q.e.d.
5 The evolution of the gradient of the radius function
We use the notations in Introduction and Sections 1-4. Let T1 be as in Section 4.
Define a function ût :M → R (t ∈ [0, T1)) by
ût(ξ) := g¯(N(ξ,t), τγw(ξ,t) |[0,1](w
1(ξ, t))) (ξ ∈M)
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and a map v̂t :M → R by v̂t := 1ût (0 ≤ t < T1). Define a map û :M × [0, T1)→ R
by û(ξ, t) := ût(ξ) ((ξ, t) ∈ M × [0, T1)) and a map v̂ : M × [0, T1) → R by
v̂(ξ, t) := v̂t(ξ) ((ξ, t) ∈ M × [0, T1)). Define a function u¯t (resp. v¯t) over B by
u¯t(x) := ût(ξ) (x ∈ B) (resp. v¯t(x) := v̂t(ξ) (x ∈ B), where ξ is an arbitrary element
of M ∩ S⊥x B. It is clear that these functions are well-defined. Set ut := u¯t ◦ c¯−1t
and vt := v¯t ◦ c¯−1t . We have only to show inf(x,t)∈B×[0,T1) u(x, t) > 0, that is,
sup(x,t)∈B×[0,T1) v(x, t) <∞. In the sequel, assume that t < T1. From (4.9), we have
(5.1) ût(ξ) =
cos(
√
εk0br̂(ξ, t))√
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)c(ξ,t)||2
.
In order to investigate te evolution of the gradient grad rt of the radius function rt,
we suffice to investigate the evolution of ût. It is easy to show that the outward unit
normal vector field Nt satisfies the following evolution equation:
(5.2)
∂N
∂t
= ft∗(gradHt).
For simplicity, we set ŵ1(ξ, t) := τγw(ξ,t)|[0,1](w
1(ξ, t)). We calculate ∂û∂t . Define a
map δ : [0, T1)× R→M by
δ(t, s) := expc(ξ,t)(sw
1(ξ, t)).
Then we have
∂δ
∂s
∣∣∣∣
s=r̂(ξ,t)
= ŵ1(ξ, t). For a fixed t ∈ [0, T1), Ŷt : s 7→
(
∂δ
∂t
)
(t, s) is
the Jacobi field along the geodesic γw1(ξ,t). Since Ŷt(0) =
(
∂c
∂t
)
(ξ, t) and
Ŷ ′t (0) =
(
∇δ∂
∂s
∂δ
∂t
)∣∣∣∣
s=0
=
(
∇δ∂
∂t
∂δ
∂s
)∣∣∣∣
s=0
= ∇δ(·,0)∂
∂t
w1(ξ, t) = ∇⊥B
Ŷt(0)
w1(·, t)
by the reflectivity of F , it follows from (3.1) that
Ŷt(s) = τγw1(ξ,t)|[0,s]
(
Dcosw1(ξ,t)
((
∂c
∂t
)
(ξ, t)
)
+ sDsisw1(ξ,t)(∇⊥BŶt(0)w
1(·, t))
)
,
where ∇⊥B is the normal connection of B. This implies together with (4.11) that
(5.3)
Ŷt(s) = −
(Ht −H(ξ,t)) cos(
√
εk0bs)û(ξ, t)
cos2(
√
εk0br̂(ξ, t))
×τγw1(ξ,t)|[0,s]((gradtrt)c(ξ,t))
+sτγw1(ξ,t)|[0,s](D
si
sw1(ξ,t)(∇⊥BŶt(0)w
1(·, t))).
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In particular, we have
(5.4)
Ŷt(r̂(ξ, t)) = −
(Ht −H(ξ,t))û(ξ, t)
cos(
√
εk0br̂(ξ, t))
τγw(ξ,t)((gradtrt)c(ξ,t))
+r̂(ξ, t)τγw(ξ,t) |[0,1](D
si
w(ξ,t)(∇⊥BŶt(0)w
1(·, t))).
Also, we have
(5.5)
(
∂ŵ1
∂t
)
(ξ, t) =
(
∇δ∂
∂t
∂δ
∂s
)∣∣∣∣
s=r̂(ξ,t)
= ∇δ∂
∂s
|s=r̂(ξ,t) Ŷt
= −(Ht −H(ξ,t))
√
εk0b sin(
√
εk0br̂(ξ, t))û(ξ, t)
cos2(
√
εk0br̂(ξ, t))
×τγw(ξ,t)((gradtrt)c(ξ,t))
+τγw(ξ,t) |[0,1](D
co
w(ξ,t)(∇⊥BŶt(0)w
1(·, t))).
From this relation and (4.9), we obtain
(5.6)
g¯
(
N(ξ, t),
(
∂ŵ1
∂t
)
(ξ, t)
)
= (Ht −H(ξ,t))
√
εk0b tan(
√
εk0br̂(ξ, t))(1 − û(ξ, t)2).
From (5.2) and (5.6), we obtain
(5.7)
∂û
∂t
(ξ, t) = g¯(ft∗((gradHt)ξ), ŵ1(ξ, t))
+(Ht −H(ξ,t))
√
εk0b tan(
√
εk0br̂(ξ, t))(1 − û(ξ, t)2)
((ξ, t) ∈ M × [0, T1)). Fix ξ0 ∈ M and t0 ∈ [0, T1). Set x0 := c(ξ0, t0). Let
(e1, · · · , emH ), γi, (˜γi)
t
ξ0
, (Eti )s, (i = 1, · · · ,mH) and {EtmH+1, · · · , Etn} be as in Sec-
tion 4. We may assume that
(τγw(ξ,t) |[0,1] ◦ τc(ξ,t))−1(ft∗((Etj)ξ)) ∈ pkjβ
holds for some kj ∈ {1, 2} (j = mH + 1, · · · , n). Define a function λt (t ∈ [0, T1))
over M by
λt(ξ) := −û(ξ, t)
(∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ, t)) +
(△F rt)(x)
cos2(
√
εk0br̂(ξ, t))
+
||(grad rt)x||2
√
εk0b tan(
√
εk0br̂(ξ, t))
cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)x||2
− (∇
F drt)x((grad rt)x, (grad rt)x)
cos2(
√
εk0br̂(ξ, t))(cos2(
√
εk0br̂(ξ, t)) + ||(grad rt)x||2)
)
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(ξ ∈M), where x = c(ξ, t). From g¯(ft0∗((˜ei)
t0
ξ0
), ŵ1(ξ0, t0)) = 0 (i = 2, · · · ,mH) and
(2.50), we have
(5.8)
g¯(ft0∗((gradHt0)ξ0), ŵ
1(ξ0, t0))
=
((˜e1)
t0
ξ0
Ht0)g¯(ft0∗((˜e1)
t0
ξ0
), ŵ1(ξ0, t0))
||(˜e1)
t0
ξ0
||2
=
√
1− û(ξ0, t0)2
||(˜e1)
t0
ξ0
||
· (˜e1)
t0
ξ0
Ht0
=
û(ξ0, t0)
√
1− û(ξ0, t0)2
cos(
√
εk0br̂(ξ0, t0))
· (˜e1)
t0
ξ0
λt0
+(1− û(ξ0, t0)2)
(
λt0(ξ0) + û(ξ0, t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ0, t0))
)
×
2∑
k=1
mVk
√
εkb
tan(
√
εkbr̂(ξ0, t0))
−û(ξ0, t0)(1− û(ξ0, t0)2)
2∑
k=1
mVk (
√
εkb)2
sin2(
√
εkbr̂(ξ0, t0))
.
From (2.50), (5.7) and (5.8), we obtain
(5.9)
∂û
∂t
(ξ, t) =
û(ξ, t)
√
1− û(ξ, t)2
cos(
√
εk0br̂(ξ, t))
· (˜e1)
t
ξλt
+(1− û(ξ, t)2)
(
λt(ξ) + û(ξ, t)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ, t))
)
×
2∑
k=1
mVk
√
εkb
tan(
√
εkbr̂(ξ, t))
−û(ξ, t)(1 − û(ξ, t)2)
2∑
k=1
mVk (
√
εkb)2
sin2(
√
εkbr̂(ξ, t))
+Ht
√
εk0b tan(
√
εk0br̂(ξ, t))(1 − û(ξ, t)2)
+(1− û(ξ, t)2)√εk0b tan(
√
εk0br̂(ξ, t))
×
(
λt(ξ)− û(ξ, t)
2∑
k=1
mVk
√
εkb
tan(
√
εkbr̂(ξ, t))
)
.
Define a map δi : [0,∞) × (−ε, ε)→M (i = 1, · · · ,mH) by
δi(t¯, s) := expγi(s)(t¯w((˜γi)
t0
ξ0
(s), t0)),
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where ε is a small positive number. Set Y s0i :=
∂δi
∂s
∣∣∣∣
s=s0
. Since Y s0i is the Jacobi field
along γ
w((˜γi)
t0
ξ0
(s0),t0)
with Y s0i (0) = γ
′
i(s0) and (Yi
s0)′(0) = (γ′i(s0)rt0)w
1((˜γi)
t0
ξ0
(s0), t0),
it is described as
Y s0i (t¯)
= τγ
w((˜γi)
t0
ξ0
(s0),t0)
|[0,t¯]
(
Dco
t¯w((˜γi)
t0
ξ0
(s0),t0)
(γ′i(s0))
+t¯Dsi
t¯w((˜γi)
t0
ξ0
(s0),t0)
((γ′i(s0)rt0)w
1((˜γi)
t0
ξ0
(s0), t0))
)
= τγ
w((˜γi)
t0
ξ0
(s0),t0)
|[0,t¯]
(
Dco
t¯w((˜γi)
t0
ξ0
(s0),t0)
(γ′i(s0))
)
+ t¯(γ′i(s0)rt0)ŵ
1((˜γi)
t0
ξ0
(s0), t0).
Hence we have
(5.10)
∇ft0
(E
t0
i )s0
ŵ1t0
=
(Y s0i )
′(1)√
cos2(
√
εkibr̂((˜γi)
t0
ξ0
(s0), t0)) + ||(grad rt0)c((˜γi)t0ξ0 (s0),t0)
||2δi1
=
1√
cos2(
√
εkibr̂((˜γi)
t0
ξ0
(s0), t0)) + ||(grad rt0)c((˜γi)t0ξ0 (s0),t0)
||2δi1
×
{
−√εkibr̂((˜γi)
t0
ξ0
(s0), t0) sin(
√
εkibr̂((˜γi)
t0
ξ0
(s0), t0))τγ
w((˜γi)
t0
ξ0
(s0),t0)
|[0,1](ei)
+(γ′i(s0)rt0)ŵ
1((˜γi)
t0
ξ0
(s0), t0)
}
,
where ∇ft0 is the pull-back connection of ∇ by ft0 . Let αj : (−ε, ε) → M (j =
mH + 1, · · · , n) be the integral curve of Et0j with αj(0) = ξ0, where ε is a small
positive number. Define a map δ̂j : [0,∞) × (−ε, ε) → M (j = mH + 1, · · · , n) by
δ̂j(t¯, s) := expx0(t¯(ft0 ◦ αj)(s)). Set Ŷ s0j :=
∂δ̂j
∂s
∣∣∣∣∣
s=s0
. Since Ŷ s0j is the Jacobi field
along γw(αj(s0),t0) with Ŷ
s0
j (0) = 0 and (Ŷ
s0
j )
′(0) = (expx0)
−1∗ (ft0∗((E
t0
j )αj(s0))), it is
described as
Ŷ s0j (t¯) = τγw(αj (s0),t0)|[0,t¯]
(
t¯Dsit¯w(αj(s0),t0)((expx0)
−1
∗ (ft0∗((E
t0
j )αj (s0))))
)
.
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For simplicity, we denote (Et0j )αj (s) by (E
t0
j )s. Hence we have
(5.11)
∇ft0
(E
t0
j )s0
ŵ1t0 = (Ŷ
s0
j )
′(1)
= τγw(αj (s0),t0)|[0,1]
(
Dcow(αj(s0),t0)((expx0)
−1
∗ (ft0∗((E
t0
j )s0))
)
=
√
εkjbr̂(αj(s0), t0)
tan(
√
εkjbr̂(αj(s0), t0))
ft0∗((E
t0
j )s0).
Denote by△tût the rough Laplacian of ût with respect to the Riemannian connection
∇t of gt. According to (2.28), we have
g¯(N(ξ, t), τγw(ξ,t) |[0,1](e1)) = −
√
1− û(ξ, t)2,
that is,
(5.12) û(ξ, t) =
√
1− g¯(N(ξ, t), τγw(ξ,t) |[0,1](e1))2.
By using this relation, we can derive
(5.13)
(Et01 )sût0 =
||(grad rt0)c((˜γi)t0ξ0 (s),t0)
||
cos(
√
εk0br̂((˜γ1)
t0
ξ0
(s), t0))||˜(γ′1(s))
t0
(˜γ1)
t0
ξ0
(s)||
×
{
g¯
(
ft0∗(A
t0((˜γ′1(s))
t0
(˜γ1)
t0
ξ0
(s)), τγ
w((˜γ1)
t0
ξ0
(s),t0)
|[0,1](γ
′
1(s))
)
+g¯
(
N((˜γ1)
t0
ξ0
(s), t0),
∇
ds
(
τγ
w((˜γ1)
t0
ξ0
(s),t0)
|[0,1](γ
′
1(s))
))}
,
where
∇
ds
denotes the covariant derivative along the curve s 7→ exp⊥ ◦w((˜γ1)
t0
ξ0
(s), t0) =
ft0 ◦ (˜γ1)
t0
ξ0
(s) with respect to ∇. Define a curve w¯t0,s in T⊥B by
w¯t0,s(sˆ) :=
r̂((˜γ1)
t0
ξ0
(s))
r̂((˜γ1)
t0
ξ0
(sˆ))
w((˜γ1)
t0
ξ0
(sˆ), t0),
which is a curve in the tube t
r̂((˜γ1)
t0
ξ0
(s))
(B) of B of constant radius r̂((˜γ1)
t0
ξ0
(s)). Then
we have
(5.14)
∇
dsˆ
∣∣∣∣
sˆ=s
(
τγ
w((˜γ1)
t0
ξ0
(sˆ),t0)
|[0,1](γ
′
1(s))
)
= cos(
√
εk0br̂((˜γ1)
t0
ξ0
(s), t0))
∇
dsˆ
∣∣∣∣
sˆ=s
(
τγw¯t0,s(sˆ)|[0,1]
(γ′1(sˆ))
)
=
√
εk0b sin(
√
εk0br̂((˜γ1)
t0
ξ0
(s), t0))w
1((˜γ1)
t0
ξ0
(s), t0),
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where
∇
dsˆ
in the left-hand-side (resp. the right-hand side) denotes the covariant
derivative along the curve sˆ 7→ exp⊥ ◦w((˜γ1)
t0
ξ0
(sˆ), t0) (resp. sˆ 7→ exp⊥ ◦w¯t0,s(sˆ))
with respect to ∇. From (2.49), (4.9) and (5.12) − (5.14), we obtain
(5.15)
(Et01 )sût0 =
√
1− û((˜γ1)
t0
ξ0
(s), t0)2
(
λt0((˜γ1)
t0
ξ0
(s))
+û((˜γ1)
t0
ξ0
(s), t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂((˜γ1)
t0
ξ0
(s), t0))
)
and hence
(5.16)
∂
∂s
∣∣∣∣
s=0
((Et01 )sût0)
=
û(ξ0, t0)
√
1− û(ξ0, t0)2
cos(
√
εk0br̂(ξ0, t0))
(˜e1)
t0
ξ0
λt0
+(1− û(ξ0, t0)2)
(
λt0(ξ0) + û(ξ0, t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ0, t0))
)
×√εk0b tan(
√
εk0br̂(ξ0, t0))
−û(ξ0, t0)
(
λt0(ξ0) + û(ξ0, t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ0, t0))
)2
−û(ξ0, t0)(1− û(ξ0, t0)2)
∑
k∈K
mHk (
√
εkb)2||(grad rt0)c(ξ0,t0)||
cos2(
√
εkbr̂(ξ0, t0))
.
Also, it is clear that
(5.17)
∂
∂s
∣∣∣∣
s=0
((Et0i )sût0) = 0 (i = 2, · · · ,mH).
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On the other hand, by using Et0j ût0 = 0 (j = m
H + 1, · · · , n) and (5.15), we have
(5.18)
(∇t0dut0)((Et0j )ξ0 , (Et0j )ξ0) = −(∇t0(Et0j )ξ0
Et0j )ût0
= −g(∇ft0
(E
t0
j )ξ0
ft0∗(E
t0
j ), ft0∗((E
t0
1 )0)) · (Et01 )0ût0
= −
√
1− û(ξ0, t0)2√
cos2(
√
εk0br̂(ξ0, t0)) + ||(grad rt0)c(ξ0,t0)||2
×g(∇ft0
(E
t0
j )ξ0
ft0∗(E
t0
j ), ft0∗((˜e1)
t0
ξ0
))
×
(
λt0(ξ0) + û(ξ0, t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ0, t0))
)
= −(1− û(ξ0, t0)2)g(∇ft0
(E
t0
j )ξ0
ft0∗(E
t0
j ), ŵ
1(ξ0, t0))
×
(
λt0(ξ0) + û(ξ0, t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ0, t0))
)
= (1− û(ξ0, t0)2)
√
εkjb
tan(
√
εkjbr̂(ξ0, t0))
×
(
λt0(ξ0) + û(ξ0, t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ0, t0))
)
,
where we use also Et0i ût0 = 0 (i = 2, · · · ,mH) and
g(∇ft0
(E
t0
j )ξ0
ft0∗(E
t0
j ), ŵ
1(ξ0, t0)) = −g¯(Â(ft0∗((Et0j )ξ0), (Et0j )ξ0)
= −
√
εkjb
tan(
√
εkjbr̂(ξ0, t0))
(where Â denotes the shape operator of the geodesic sphere ft0(M)∩exp⊥(T⊥c(ξ0,t0)F )
in the normal umbrella exp⊥(T⊥c(ξ0,t0)F ) for −ŵ1(ξ0, t0)). From (5.16) − (5.18), we
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obtain
(5.19)
(△t0 ût0)(ξ0) =
mH∑
i=1
∂
∂s
∣∣∣∣
s=0
((Et0i )sût0)−
mV∑
j=1
(∇t0
(E
t0
j )ξ0
Et0j )ût0
=
û(ξ0, t0)
√
1− û(ξ0, t0)2
cos(
√
εk0br̂(ξ0, t0))
· (˜e1)
t0
ξ0
λt0
+(1− û(ξ0, t0)2)
×
(
λt0(ξ0) + û(ξ0, t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ0, t0))
)
×
(
√
εk0b tan(
√
εk0br̂(ξ0, t0)) +
2∑
k=1
mVk
√
εkb
tan(
√
εkbr̂(ξ0, t0))
)
−û(ξ0, t0)
(
λt0(ξ0) + û(ξ0, t0)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ0, t0))
)2
−û(ξ0, t0)(1 − û(ξ0, t0)2)
∑
k∈K
mHk (
√
εkb)2||(grad rt0)c(ξ0,t0)||
cos2(
√
εkbr̂(ξ0, t0))
.
From (5.9) and (5.19), we obatin the following evolution equations for ût and v̂t.
Lemma 5.1. The functions ût’s (t ∈ [0, T )) satisfy the following evolution equation:
(5.20)
∂û
∂t
(ξ, t)− (△tût)(ξ)
= Ht
√
εk0b tan(
√
εk0br̂(ξ, t))(1 − û(ξ, t)2)
−û(ξ, t)(1 − û(ξ, t)2)
2∑
k=1
mVk (
√
εkb)2
sin2(
√
εkbr̂(ξ, t))
−û(ξ, t)(1 − û(ξ, t)2)√εk0b tan(
√
εk0br̂(ξ, t))
2∑
k=1
mVk
√
εkb
tan(
√
εkbr̂(ξ, t))
−û(ξ, t)(1 − û(ξ, t)2)√εk0b tan(
√
εk0br̂(ξ, t))
×
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ, t))
+û(ξ, t)
(
λt(ξ) + û(ξ, t)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ, t))
)2
+û(ξ, t)(1 − û(ξ, t)2)
∑
k∈K
mHk (
√
εkb)2||(grad rt)c(ξ,t)||
cos2(
√
εkbr̂(ξ, t))
((ξ, t) ∈ M × [0, T1)). Also, the functions v̂t’s (t ∈ [0, T )) satisfy the following
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evolution equation:
(5.21)
∂v̂
∂t
(ξ, t)− (△tv̂t)(ξ)
= −Ht
√
εk0b tan(
√
εk0br̂(ξ, t))(v̂(ξ, t)
2 − 1)
+v̂(ξ, t)
(
1− 1
v̂(ξ, t)2
) 2∑
k=1
mVk (
√
εkb)2
sin2(
√
εkbr̂(ξ, t))
+v̂(ξ, t)
(
1− 1
v̂(ξ, t)2
)√
εk0b tan(
√
εk0br̂(ξ, t))
2∑
k=1
mVk
√
εkb
tan(
√
εkbr̂(ξ, t))
−v̂(ξ, t)
(
1− 1
v̂(ξ, t)2
)√
εk0b tan(
√
εk0br̂(ξ, t))
×
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ, t))
−v̂(ξ, t)
(
λt(ξ) +
1
v̂(ξ, t)
∑
k∈K
mHk
√
εkb tan(
√
εkbr̂(ξ, t))
)2
−v̂(ξ, t)
(
1− 1
v̂(ξ, t)2
)∑
k∈K
mHk (
√
εkb)2||(grad rt)c(ξ,t)||
cos2(
√
εkbr̂(ξ, t))
− 2
v̂(ξ, t)
||(gradtv̂t)ξ||2
((ξ, t) ∈M × [0, T1)).
Proof. The evolution equation (5.20) is derived from (5.9) and (5.19) directly. The
evolution equation (5.21) is derived from (5.20) and the following relations:
∂v̂
∂t
= − 1
û2t
∂û
∂t
and △tv̂t = − 1
û2t
△tût + 2
û3t
||gradtût||2.
q.e.d.
6 Estimate of the volume
We use the notations in Introduction and Sections 1-5. Assume that M is a rank
one symmetric space, F is invariant, B is a closed geodesic ball of radius rB centered
at x∗ in F and that r0 is radial with respect to x∗, where rB is a positive number
smaller than the injective radius of F at x∗. Note that the invariantness of F means
the totally geodesicness in the case whereM is a sphere or a (real) hyperbolic space.
Since F is of rank one, each geodesic sphere in F is homogeneous. Hence, since r0 is
radial by the assumption, so are also rt. ForX ∈ S˜′(x∗, 1), denote by γX the geodesic
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in F having X as the initial velocity vector (i.e., γX(z) = exp
F
x∗(zX)). Then, since
rt is radial, it is described as rt(γX(z)) = r
◦
t (z) (X ∈ S˜′(x∗, 1), z ∈ [0, rB)) for
some function r◦t over [0, rB), where S˜′(x∗, 1) denotes the unit geodesic sphere in F
centered x∗ and rB denotes the radius of B. Then we have
(6.1)
(grad rt)γX(z) = (r
◦
t )
′(z)γ′X (z), (△F rt)(γX(z)) = (r◦t )′′(z)
and (∇F drt)((grad rt)γX (z), (grad rt)γX (z)) = (r◦t )′(z)2(r◦t )′′(z).
Since F is invariant, we have K = {1} (hence k0 = 1) and
rfo(γ) = rco(γ) =
{ π
2b
(ε = 1)
∞ (ε = −1)
for any normal geodesic γ of F and hence
rF =
{ π
2b
(ε = 1)
∞ (ε = −1),
where rfo(γ), rco(γ) and rF are as in Introduction. Denote by ∇t the Levi-Civita
connection of gt. In the sequel, assume that t < T1. In this section, we estimate the
volume of Mt from below of in terms of the infimum and the maximum of the radius
function rt. Furthermore, we show that rt and the average mean curvature Ht are
uniformly bounded in terms of the estimate. Denote by π⊥F the bundle projection of
the normal bundle T⊥F of F . Set
W˜ := {ξ | ξ ∈ T⊥F s.t. ||ξ|| < rF }
and W := exp⊥(W˜ ). Define a submersion prF of W onto F by prF (exp⊥(ξ)) :=
π⊥F (ξ), where ξ ∈ W˜ . Let r˜ : M → R be the distance function from F , where we
note that r˜(exp⊥(ξ)) = ||ξ|| holds for ξ ∈ W˜ . Define a function ψ over [0, rF ) by
ψ(s) :=
(
2
Π
k=1
(
sin(
√
εkbs)√
εkbs
)mVk )
cosm
H
(
√
εbs).
Since rF =
pi
2
√
εb
, ψ is positive. From (2.2) and (2.3), we can give the following
explicit descriptions of the volume element dvM of M and the volume Vol(Dt).
Proposition 6.1. (i) The volume element dvM is given by
(6.2)
(dvM )p = (ψ ◦ r˜)(p)
(
((exp⊥ |S˜(prF (p),r˜(p)))
−1)∗dvS˜(prF (p),r˜(p))
)
p
∧(dr˜)p ∧ (pr∗FdvF )p (p ∈W )
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(ii) The volume Vol(Dt) is given by
(6.3) Vol(Dt) = vmV
∫
x∈B
(∫ rt(x)
0
sm
V
ψ(s)ds
)
dvF .
Denote by expFx the exponential map of F at x and S˜
′(x, a) the hypersphere of
radius a in TxF centered the origin. Since B is star-shaped with respect to x∗, B is
described as
B = {expFx∗(zX) |X ∈ S˜′(x∗, 1), 0 ≤ z ≤ rB}.
Since F is a symmetric space, we can define the operators corresponding to Dcow and
Dsiw (w ∈ TM) for each X ∈ TF . Deonte by (DF )coX and (DF )siX these operators.
Since F is of rank one, det((DF )
si
zX) and det((DF )
co
zX) are independent of the choice
of X. Define a function ψF over R by ψF (z) := det((DF )sizX). Then we can describe
the volume element dvF of F and can estimate the volume Vol(B) of B as follows.
Proposition 6.2. (i) The volume element dvF is given by
(6.4)
(dvF )expFx∗(zX)
= ψF (z)
(
((expFx∗ |S˜′(x∗,z))
−1)∗dv
S˜′(x∗,z)
)
expFx∗(zX)
∧(dz˜)expFx∗(zX)
for expFx∗(zX) ∈ B, where z˜ is the distance function from x∗ in F .
(ii) The volume Vol(B) is given by
(6.5) Vol(B) = vmH−1
∫ rB
0
zm
H−1ψF (z)dz.
Proof. In similar to (2.2), we have
(expFx∗)∗(Y ) = τγzX ((DF )
si
zX(Y )),
where X ∈ S˜′(x∗, 1) and Y ∈ TzX S˜′(x∗, z). From this relation, (6.4) follows directly.
The relation (6.5) follows directly from (6.4). q.e.d.
Define a function δ1 and δ2 over [0, rF ) by
δ1(s) :=
∫ s
0
sm
V
ψ(s)ds
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and
δ2(s) :=
∫ s
0
sm
V
ψ(s)
cos(
√
εbs)
ds,
respectively. According to (6.3), we have Vol(Dt)v
mV
Vol(B) ∈ δ1([0, rF )). Since rB is smaller
than the injective radius of F , ψ(s) and ψ(s)
cos(
√
εbs)
are positive over [0, rB). Hence δi
(i = 1, 2) are increasing. Set
rˆ1 := δ
−1
1
(
Vol(D)
vmV Vol(B)
)
and
rˆ2 := δ
−1
2
(
Vol(M)
vmV
+ δ2(rˆ1)
)
.
Denote by (rt)max (resp. (rt)min) the maximum (resp. the minimum) of rt. Then
we have
δ1(r̂1)vmV Vol(B) = Vol(Dt)
= vmV
∫
x∈B
δ1(rt(x)) dvF
{ ≥ vmV Vol(B)δ1((rt)min)
≤ vmV Vol(B)δ1((rt)max)
and hence δ1((rt)min) ≤ δ1(r̂1) ≤ δ1((rt)max), that is, (rt)min ≤ r̂1 ≤ (rt)max. Let r◦t
be as in Section 5. From Proposition 3.2 and (6.4), we have
(6.6)
Vol(Mt) = vmV
∫
x∈B
rt(x)
mV ψ(rt(x))
√
cos2(
√
εbrt(x)) + ||(grad rt)x||2
cos(
√
εbrt(x))
dvF
≥ vmV
∫
x∈B
rt(x)
mV ψ(rt(x))||(grad rt)x||
cos(
√
εbrt(x))
dvF
≥ vmV
∫
X∈S˜′(x∗,1)
(∫ rB
0
r◦t (z)m
V
ψ(r◦t (z))
cos(
√
εbr◦t (z))
×zmH−1det((DF )sizX)(r◦t )′(z) dz
)
dv
S˜′(x∗,1)
,
where x = γX(z). Also, we have
(6.7)
zm
H−1det((DF )sizX) =
2
Π
k=1
(
sin(
√
εkbz)√
εkb
)mHk
≥

2
Π
k=1
(
sin(
√
εkbz)√
εkb
)mHk
(M : of compact type)
1 (M : of noncompact type)
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Set
arB :=

2
Π
k=1
(
sin(
√
εkbrB)√
εkb
)mHk
(M : of compact type)
1 (M : of noncompact type).
From (6.6), (6.7) and maxz∈[0,rB] r
◦
t (z) = (rt)max and minz∈[0,rB] r
◦
t (z) = (rt)min, we
can estimate the volume of Mt from below as follows:
(6.8)
Vol(Mt) ≥ arBvmV vmH−1
∫ (rt)max
(rt)min
sm
V
ψ(s)
cos(
√
εbs)
ds
= arBvmV vmH−1(δ2((rt)max)− δ2((rt)min)).
On the other hand, since Vol(Dt) preserves invariantly along the volume-preserving
mean curvature flow and Vol(Mt) is decreasing along the flow, we have Vol(Dt) =
Vol(D0) and Vol(Mt) ≤ Vol(M0). Hence we have
(rt)max ≤ δ−12
(
δ2(rˆ1) +
Vol(M0)
arBvmV vmH−1
)
≤ δ−12
(
Vol(D0)
vmV Vol(B)
+
Vol(M0)
arBvmV vmH−1
)
.
Thus we obtain the following result.
Proposition 6.3. The family {rt}t∈[0,T1) is uniformly bounded as follows:
(6.10) sup
(x,t)∈B×[0,T1)
rt(x) ≤ δ−12
(
δ2(rˆ1) +
Vol(M0)
arBvmV vmH−1
)
.
For uniformly boundedness of the average mean curvatures |H|, we have the
following result.
Proposition 6.4. If 0 < a1 ≤ rt(x) ≤ a2 < rF holds for all (x, t) ∈ M × [0, T0]
(T0 < T1), then max
t∈[0,T0]
Ht ≤ C(a1, a2) holds for some constant C(a1, a2) depending
only on a1 and a2.
Proof. According to (3.8), we have
(6.11)
Ht =
1∫
B r
mV
t ψrtdvF
×
∫
x∈B
rt(x)
mV ψrt(x)(
ρrt(x)−
cos(
√
εbrt(x))(r
◦
t )
′′(z)
(cos2(
√
εbrt(x)) + (r◦t )′(z)2)3/2
)
dvF
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(x = γX(z)), where ρrt and ψrt are the functions defined for rt in similar to ρr and
ψr (see (3.3) and (3.4)). Take any (ξ, t) ∈ M × [0, T0] and let x := c(ξ, t) = rX(z).
According to the definitions of ρrt and ψrt , we have the following estimates
(6.12) ρrt(x) ≤
2∑
k=1
mVk
√
εkb
tan(
√
εkbrt(x))
+
√
εb tan(
√
εbrt(x)).
Since 0 < a1 ≤ rt(x) ≤ a2 < rF by the assumption, we have
2∑
k=1
mVk
√
εkb
tan(
√
εkbrt(x))
+
√
εb tan(
√
εbrt(x)) ≤ C1(a1, a2)
for some positive constant C1(a1, a2) depending only on a1 and a2. Hence we have
(6.13)
∫
B ρrtr
mV
t ψrtdvF∫
B r
mV
t ψrtdvF
≤ C1(a1, a2).
By a simple calculation, we have
(6.14)
d
dz
arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
=
cos(
√
εbrt(x))(r
◦
t )
′′(z)
cos2(
√
εbrt(x)) + (r◦t )′(z)2
+
√
εb sin(
√
εbrt(x))(r
◦
t )
′(z)2
cos2(
√
εbrt(x)) + (r◦t )′(z)2
.
By using this relation and the definition of ψrt , we can derive
(6.15)
−
∫
x∈B
cos(
√
εbrt(x))(r
◦
t )
′′(z)rt(x)m
V
ψrt(x)
(cos2(
√
εbrt(x)) + (r
◦
t )
′(z)2)3/2
dvF
= −
∫
x∈B
rt(x)
mV ψrt(x)√
cos2(
√
εbrt(x)) + (r◦t )′(z)2
· d
dz
arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
dvF
+
∫
x∈B
√
εb sin(
√
εbrt(x))(r
◦
t )
′(z)2rt(x)m
V
ψrt(x)
(cos2(
√
εbrt(x)) + (r
◦
t )
′(z)2)3/2
dvF
≤ −
∫
x∈B
(
2
Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk )
cos
mHk0
−1
(
√
εk0brt(x))
× d
dz
arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
· rt(x)mV dvF
+
∫
x∈B
√
εb tan(
√
εbrt(x))rt(x)
mV ψrt(x)dvF .
Since 0 < a1 ≤ rt(x) ≤ a2 < rF by the assumption, we have
√
εb tan(
√
εbrt(x)) ≤ C2(a1, a2)
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for some positive constant C2(a1, a2) depending only on a1 and a2. Hence we have
(6.16)
∫
x∈B tan(
√
εbrt(x))rt(x)
mV ψrt(x)dvF∫
B r
mV
t ψrtdvF
≤ C2(a1, a2).
By integrating by parts and using (6.4) and (r◦t )′(0) = (r◦t )′(rB) = 0 (which holds
by the boundary condition (C1)), we have
(6.17)
−
∫
x∈B
(
2
Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk
· cosmH−1(√εbrt(x))
× d
dz
arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
· rt(x)mV
)
dvF
= −
∫
S˜′(x∗,1)
(∫ rB
0
(
2
Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk
· cosmHk0−1(√εk0brt(x))
× d
dz
arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
· rt(x)mV ψF (z)zmH−1
)
dz
)
dvS˜′(x∗,1)
=
∫
S˜′(x∗,1)
(∫ rB
0
(
d
ds
∣∣∣∣
s=rt(x)
(
2
Π
k=1
(
sin(
√
εkbs)√
εkb
)mV
k
· cosmHk0−1(√εk0bs)smV
)
× arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
(r◦t )
′(z)ψF (z)zm
H−1dz
)
dvS˜′(x∗,1)
+
∫
S˜′(x∗,1)
(∫ rB
0
(
2
Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk
· cosmHk0−1(√εk0brt(x))rt(x)mV
× arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
d
dz
(
ψF (z)z
mH−1
))
dz
)
dv
S˜′(x∗,1)
.
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Also, we have∫
S˜′(x∗,1)
(∫ rB
0
(
d
ds
∣∣∣∣
s=rt(x)
(
2
Π
k=1
(
sin(
√
εkbs)√
εkb
)mVk
· cosmHk0−1(√εk0bs)smV
)
× arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
(r◦t )
′(z)ψF (z)zm
H−1
)
dz
)
dvS˜′(x∗,1)
≤ π
2
∫
S˜′(x∗,1)
(∫ rB
0
∣∣∣∣ dds
∣∣∣∣
s=rt(x)
log
(
2
Π
k=1
(
sin(
√
εkbs)√
εkb
)mVk
· cosmHk0−1(√εk0bs)smV
)∣∣∣∣∣
× 2Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk
· cosmHk0−1(√εk0brt(x))rt(x)mV
×
√
cos2(
√
εk0brt(x)) + (r
◦
t )
′(z)2ψF (z)zm
H−1dz
)
dvS˜′(x∗,1)
≤ π
2
∫
x∈B
∣∣∣∣∣ dds
∣∣∣∣
s=rt(x)
log
(
2
Π
k=1
(
sin(
√
εkbs)√
εkb
)mVk
· cosmHk0−1(√εk0bs)smV
)∣∣∣∣∣
×rt(x)mV ψrt(x)dvF .
Since 0 < a1 ≤ rt(x) ≤ a2 < rF by the assumption, we have
π
2
∣∣∣∣∣ dds
∣∣∣∣
s=rt(x)
log
(
2
Π
k=1
(
sin(
√
εkbs)√
εkb
)mVk
· cosmHk0−1(√εk0bs)smV
)∣∣∣∣∣ ≤ C3(a1, a2)
for some positive constant C3(a1, a2) depending only on a1 and a2. Hence we have
(6.18)
1∫
B r
mV
t ψrtdvF
×∫
S˜′(x∗,1)
(∫ rB
0
(
d
ds
∣∣∣∣
s=rt(x)
(
2
Π
k=1
(
sin(
√
εkbs)√
εkb
)mVk
· cosmHk0−1(√εk0bs)smV
)
× arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
(r◦t )
′(z)ψF (z)zm
H−1
)
dz
)
dv
S˜′(x∗,1)
≤ C3(a1, a2).
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Also we have∫
S˜′(x∗,1)
(∫ rB
0
(
2
Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk
· cosmH−1(√εbrt(x))rt(x)mV
× arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
d
dz
(
ψF (z)z
mH−1
))
dz
)
dvS˜′(x∗,1)
≤ π
2
∫
S˜′(x∗,1)
(∫ rB
0
(√
cos2(
√
εbrt(x)) + (r◦t )′(z)2
cos(
√
εbrt(x))
× 2Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk
· cosmH−1(√εbrt(x))
×rt(x)mV · d
dz
(ψF (z)z
mH−1)
)
dz
)
dv
S˜′(x∗,1)
≤ π
2
∫
x∈B
(
1
cos(
√
εbrt(x))
· d
dz
(ψF (z)z
mH−1)
)
dvF .
Since 0 < a1 ≤ rt(x) ≤ a2 < rF by the assumption, we have
1
cos(
√
εbrt(x))
· d
dz
(ψF (z)z
mH−1) ≤ C4(a1, a2)
for some positive constant C4(a1, a2) depending only on a1 and a2. Hence we have
(6.19)
1∫
B r
mV
t ψrtdvF
×∫
S˜′(x∗,1)
(∫ rB
0
(
2
Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk
· cosmH−1(√εbrt(x))rt(x)mV
× arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
d
dz
(
ψF (z)z
mH−1
))
dz
)
dvS˜′(x∗,1)
≤ C4(a1, a2).
From (6.15) − (6.19), we can derive
(6.20)
− 1∫
B r
mV
t ψrtdvF
·
∫
x∈B
cos(
√
εbrt(x))(r
◦
t )
′′(z)rt(x)m
V
ψrt(x)
(cos2(
√
εbrt(x)) + (r◦t )′(z)2)3/2
dvF
≤
4∑
i=2
Ci(a1, a2).
From (6.11), (6.13) and (6.20), we obtain
Ht ≤
4∑
i=1
Ci(a1, a2) (t ∈ [0, T0]).
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q.e.d.
For uniformly positivity of the average mean curvatures |H |, we have the follow-
ing result.
Proposition 6.5. Assume that M is of non-compact type. If rt(x) ≥ a > 0 holds
for all (x, t) ∈M × [0, T0] (T0 < T1), then min
t∈[0,T0]
Ht ≥ Ĉ(a) holds for some constant
Ĉ(a) depending only on a.
Proof. Take any x = γX(z) ∈ B and any t ∈ [0, T0]. The function ρrtψrt is described
as follows:
ρrtψrt(x) =
2
Π
k=1
(
sin(
√
εkbrt(x))√
εkb
)mVk
· cosmH (√εbrt(x))
×
(
2∑
k=1
mVk
√
εkb
tan(
√
εkbrt(x))
−mH√εkb tan(√εkbrt(x))
+
(r◦t )′(z)2
√
εb tan(
√
εbrt(x))
cos2(
√
εbrt(x)) + (r◦t )′(z)2
)
,
Since M is of non-compact type (i.e., ε = −1), we have
(6.21)
cos(
√
εkbrt(x)) = cosh(kbrt(x)),
√
εkb
tan(
√
εkbrt(x))
=
kb
tanh(kbrt(x))
and
√
εkb tan(
√
εkbrt(x)) = −kb tanh(kbrt(x)).
Hence, according to the above description of ρrtψrt(x), we have ρrtψrt ≥ 0. Further-
more, since rt(x) ≥ a > 0 by the assumption,
(6.22) ρrtψrt(x) ≥ C ′(a) (> 0)
holds for some positive constant C ′(a) (depending only on a (independent of (x, t) ∈
B × [0, T0]). This fact together with
∫
B r
mV
t ψrtdvF = Vol(Mt) ≤ Vol(M0) implies
(6.23)
∫
B r
mV
t ρrtψrt dvF∫
B r
mV
t ψrt dvF
≥ a
mV C ′(a)Vol(B)
Vol(M0)
.
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Also, we have
−
∫
x∈B
cos(
√
εbrt(x))(r
◦
t )
′′(z)rt(x)m
V
ψrt(x)
(cos2(
√
εbrt(x)) + (r◦t )′(z)2)3/2
dvF
= −
∫
x∈B
rt(x)
mV ψrt(x)√
cos2(
√
εbrt(x)) + (r◦t )′(z)2
· d
dz
arctan
(
(r◦t )′(z)
cos(
√
εbrt(x))
)
dvF
+
∫
x∈B
sin(
√
εbrt(x))(r
◦
t )
′(z)2rt(x)m
V
ψrt(x)
(cos2(
√
εbrt(x)) + (r◦t )′(z)2)3/2
dvF .
By integrating the first term in the right-hand side by parts and using (6.21), we
can show
(6.24) −
∫
x∈B
cos(
√
εbrt(x))(r
◦
t )
′′(z)rt(x)m
V
ψrt(x)
(cos2(
√
εbrt(x)) + (r◦t )′(z)2)3/2
dvF ≥ 0.
From (6.11), (6.23), (6.24) and the arbitrariness of t, we can derive
min
t∈[0,T0]
Ht ≥ a
mV C ′(a)Vol(B)
Vol(M0)
.
q.e.d.
7 Proof of Theorem A
In this section, we shall prove Theorem A in terms of the evolution equation (5.21)
of v̂t and Propositions 6.4 and 6.5.
Proof of Theorem A. Suppose that T1 < T . Take any t0 ∈ (T1, T ). Set
β1(t0) := min
(x,t)∈B×[0,t0]
rt(x) (> 0) and β2(t0) := max
(x,t)∈B×[0,t0]
rt(x) (<∞).
According to Propostions 6.4 and 6.5, we have
0 < Ĉ(β1(t0)) < Ht < C(β1(t0), β2(t0)) (t ∈ [0, T1)),
where we note that rF = ∞ because M is of non-compact type. By using the
evolution equation (5.21) for v̂t, this inequality, (1− 1/v̂2t )v̂t ≤ v̂t, v̂t ≥ 1 and (6.21),
we can derive
(7.1)
∂v̂
∂t
(ξ, t)− (△tv̂t)(ξ)
≤ v̂(ξ, t)
(
2∑
k=1
mVk (kb)
2
sinh2(kbr̂(ξ, t))
+ b tanh(br̂(ξ, t))
2∑
k=1
mVk kb
tanh(kbr̂(ξ, t))
)
−v̂(ξ, t)2Ĉ(β1(t0))b tanh(br̂(ξ, t)) + C(β1(t0), β2(t0))
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(t ∈ [0, T1)). For simplicity, set
K1(β1(t0), β2(t0)) :=
2∑
k=1
mVk (kb)
2
sinh2(kbβ1(t0))
+ b tanh(bβ2(t0))
2∑
k=1
mVk kb
tanh(kbβ1(t0))
and
K2(β1(t0)) := Ĉ(β1(t0))b tanh(bβ1(t0)).
Take any t1 ∈ [0, T1). Let (ξ2, t2) ∈M×[0, t1] be a point attaining the maximum of v̂
over M× [0, t1]. Since v̂t2 = 1 along ∂M , (ξ2, t2) belongs to the interior ofM× [0, t1].
Then we have ∂v̂∂t (ξ2, t2) = 0 and (△t2 v̂t2)(ξ2) ≤ 0, that is, ∂v̂∂t (ξ2, t2)−(△t2 v̂t2)(ξ2) ≥
0. Hence, from (7.1), we can derive
max
(ξ,t)∈M×[0,t1]
v̂(ξ, t) = v̂(ξ2, t2)
≤ K1(β1(t0), β2(t0)) +
√
K1(β1(t0), β2(t0))2 + 4K2(β1(t0))C(β1(t0), β2(t0))
2
.
From the arbitrariness of t1, we obtain
sup
(ξ,t)∈M×[0,T1)
v̂(ξ, t)
≤ K1(β1(t0), β2(t0)) +
√
K1(β1(t0), β2(t0))2 + 4K2(β1(t0))C(β1(t0), β2(t0))
2
,
which implies that MT1 is a tube over B and that, furthermore, so are also Mt’s (t ∈
[T1, T1+ε)) for a sufficiently small positive number ε (smaller than t0−T1). This con-
tradicts the definition of T1. Therefore we obtain T1 = T . That is,Mt (t ∈ [0, T )) re-
main to be tubes over B. q.e.d.
8 Proofs of Theorem B and C
We use the notations in Introduction and Sections 1-7. Assume that M is a rank
one symmetric space of non-compact type other than a (real) hyperbolic space and
r0 is radial (hence so are lso rt’s (0 ≤ t < T )). Set rinf := inf(x,t)∈B×[0,T ) rt(x)
and rsup := sup(x,t)∈B×[0,T ) rt(x). In this section, we shall prove Theorems B and
C. Since M is a symmetric space, we have ∇R = 0. Hence, according to (6.1) in
[CM2], we obtain the following evolution equation for ||At||2t .
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Lemma 8.1([CM2]). The family {||At||2t }t∈[0,T ) satisfies
∂||At||2t
∂t
−△t||At||2t
= −2||∇tAt||2t + 2||At||2t (||At||2t +Ric(Nt, Nt))
−2Ht
(
TrA3t + Tr
•
gtR(At(•), Nt, Nt, •)
)
−4Tr•gtTr·gtR(·, At(•), At(•), ·) + 4Tr•gtTr·gtR(·, At(•), •, At(·)).
Set κ := 1
2 sup(ξ,t)∈M×[0,T ) v̂(ξ,t)
2 . According to Theorem A, we have κ <∞. Define
a function ϕ over [0, 1/
√
κ) by ϕ(s) :=
s2
1− κs2 and a function Φt over M by
Φt(ξ) := (ϕ ◦ v̂t)(ξ)||(At)ξ||2t (ξ ∈M).
Also, define a function Φ over M × [0, T ) by Φ(ξ, t) := Φt(ξ) ((ξ, t) ∈ M × [0, T )).
By a simple calculation, we can derive the following evolution equation for Φt’s
(t ∈ [0, T )).
Lemma 8.2. The family {Φt}t∈[0,T ) satisfies
∂ Φ
∂t
−△tΦt
= (ϕ′ ◦ v̂t)||At||2t
(
∂ v̂
∂t
−△tv̂t
)
+ (ϕ ◦ v̂t)
(
∂ ||At||2t
∂t
−△t||At||2t
)
−(ϕ′′ ◦ v̂t)||At||2t ||gradtv̂||2t − 2gt(gradt((ϕ ◦ v̂t), gradt||At||2t ).
By using these lemmas, (5.21), Propositions 6.3, 6.4 and 6.5, we shall prove
Theorem B.
Proof of Theorem B. Suppose that inf(ξ,t)∈M×[0,T ) r̂(ξ, t) > 0 and T < ∞. Then
we suffice to show that T = ∞ and that Mt converges to a tube of constant mean
curvature over B (in C∞-topology) as t → ∞. Set a1 := inf(ξ,t)∈M×[0,T ) r̂(ξ, t) and
a2 := sup(ξ,t)∈M×[0,T ) r̂(ξ, t). According to Proposition 6.3, we have
a2 ≤ δ−12
(
δ2(r̂1) +
Vol(M0)
arBvmV vmH−1
)
.
According to Propositions 6.4 and 6.5, we have
(8.1) 0 < Ĉ(a1) ≤ Ht ≤ C(a1, a2) <∞ (t ∈ [0, T )).
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According to the first inequality in Page 555 in [EH] (see also (6.4) and (6.5) of P502
in [CM2]), we have
(8.2)
−2gt(gradt(ϕ ◦ v̂t), gradt(||At||2t ))
≤ − 1
ϕ ◦ v̂t gt(gradtΦt, gradt(ϕ ◦ v̂t)) + 2(ϕ ◦ v̂t)||∇
tAt||2t
+
3
2(ϕ ◦ v̂t) ||At||
2
t ||gradt(ϕ ◦ v̂t)||2t .
Also, according to Kato’s inequality, we have
(8.3) ||gradt||At||t ||2t ≤ ||∇tAt||2t .
By using these relations, (5.21), Lemmas 8.1 and 8.2, we can derive
(8.4)
∂ Φ
∂t
−△tΦt
≤ (ϕ′ ◦ v̂t)||At||2t
{
K1(a1, a2)v̂t −K2(a1)v̂2t −
2
v̂t
||gradtv̂t||2t
−v̂t
(
λt +
mHb tanh(br̂t)
v̂t
)2}
+2(ϕ ◦ v̂t)||At||4t + 2(ϕ ◦ v̂t)||At||2tRic(Nt, Nt)
−2(ϕ ◦ v̂t)Ht · TrA3t − 2(ϕ ◦ v̂t)HtTr•gtR(At(•), Nt, Nt, •)
−4(ϕ ◦ v̂t)Tr•gtTr·gtR(·, At(•), At(•), ·)
+4(ϕ ◦ v̂t)Tr•gtTr·gtR(·, At(•), •, At(·))
−(ϕ′′ ◦ v̂t)||At||2t · ||gradtv̂t||2t −
1
ϕ ◦ v̂t gt(gradtΦt, gradt(ϕ ◦ v̂t))
+
3
2(ϕ ◦ v̂t) ||At||
2
t · ||gradt(φ ◦ v̂t)||2t
According to (8.1), {tanh(br̂t)}t∈[0,T ) and {Ric(Nt, Nt)}t∈[0,T ) are uniformly bounded.
Hence, by the same discussion as in the second-half part in the proof of Theorem A
of [CM2] (see Line 15 of Page 502-Line 14 of Page 503), we can derive
(8.5)
∂ Φ
∂t
−△tΦt ≤ −κ
2
Φ2t +K3Φt +K4
√
Φt
− 1
ϕ ◦ v̂t gt(gradtΦt, gradt(ϕ ◦ v̂t))
for some positive constants K3 and K4. Take any t0 ∈ [0, T ). Let (ξ1, t1) be a
point attainning max(ξ,t)∈M×[0,t0]Φt(ξ). We consider the case where ξ1 belongs to
the boundary of M . Define a radial function r˜t over the geodesic ball B˜ of radius
2rB centered at x∗ in F by
r˜t(γX(z)) :=
{
r◦t (z) (0 ≤ z ≤ rB)
r◦t (2rB − z) (rB ≤ z ≤ 2rB)
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Set M˜ := tr˜0(B˜), which includes M . Then it is easy to show that the volume-
preserving mean curvature flow f˜t (t ∈ [0, T )) starting from M˜ satisfies f˜t(M˜ ) =
exp⊥(tr˜t(B˜)). Also, it is clear that (ξ1, t1) is a point attainning max(ξ,t)∈M˜×[0,t0] Φ˜t(ξ)
and that ξ1 belongs to the interior of M˜ , where Φ˜t is the function defined for f˜t similar
to Φt. Thus we may assume that ξ1 belongs to the interior of M without loss of
generality. Set b1 := Φt1(ξ1). Assume that b1 > 1. Then, it follows from (8.5) that
0 ≤ ∂Φ
∂t
(ξ1, t1)− (△t1Φt1)(ξ1) ≤ −
κb21
2
+ (K3 +K4)b1,
that is, b1 ≤ 2κ(K3 +K4). Hence we obtain
max
(ξ,t)∈M×[0,t0]
Φt(ξ) = b1 ≤ max
{
1,
2
κ
(K3 +K4)
}
.
Furthermore, by the arbitariness of t0, we obtain
sup
(ξ,t)∈M×[0,T )
Φt(ξ) ≤ max
{
1,
2
κ
(K3 +K4)
}
.
Thus {Φt}t∈[0,T ) is uniformly bounded. On the other hand, we have ϕ◦ v̂t ≥ 2v̂2t ≥ 2.
From these facts, it follows that {||At||2t }t∈[0,T ) is uniformly bounded. Hence, by the
discussion in [Hu1,2], it is shown that {||(∇t)jAt||2t }t∈[0,T ) also is uniformly bounded
for any positive integar j, where we use T <∞ and gt(gradt||(∇t)jAt||2t , Nt)
= 0 along ∂B (This fact holds because gradtrt = 0 along ∂B by the assump-
tion). Hence, since {ft}t∈[0,T ) is equicontinuous in C∞-norm, there exists a sequence
{tk}∞k=1 such that lim
k→∞
tk = T and that {ftk}∞k=1 converges to some C∞-embedding
fT in the C
∞-topology by Arzela´-Ascoli’s theorem. By the standard discussion as
in [CM1, P2075-2077], it is shown that fT (M) is of constant mean curvature. On
the other hand, according to (4.17), we have
∂r
∂t
=
△F rt
cosh2(brt) + ||grad rt||2
+
√
cosh2(brt) + ||grad rt||2
cosh(brt)
(Ht − ρrt)
=
√
cosh2(brt) + ||grad rt||2
cosh(brt)
(Ht −Ht).
Hence, for any τ1 and τ2 of [0, T ) (τ1 < τ2), we have
max
x∈B
|rτ1(x)− rτ2(x)| ≤ max
x∈M
∫ τ2
τ1
∣∣∣∣∂r∂t
∣∣∣∣ dt
≤ max
x∈M
∫ τ2
τ1
|Ht − ρrt |
√
cosh2(brt) + ||grad rt||2 dt
≤ Cε(t)(τ2 − τ1),
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where t is an element of (τ1, τ2) and ε(t) → 0 as t → T . From this fact, we can
show that rt converges to rT in the C
∞-topology by the discussion as in [Hu3],
where rT is the radius function of fT . Thus ft converges to fT in the C
∞-topology
as t → T . It is clear that fT (M) also is a tube over B. Hence, according to
Proposition 4.2, there exists the volume-preserving mean curvature flow starting
from fT in short time. Hence the volume-preserving mean curvature flow ft starting
from M is continued after T . This contradicts the definition of T . Therefore T =∞
or inf(ξ,t)∈M×[0,T ) r̂(ξ, t) = 0 holds. Furthermore, in the case of T =∞, we can show
that ft converges to a tube of constant mean curvature over B in C
∞-topology as t→
∞ by imitating the discussion in P2075-2080 of [CM1]. q.e.d.
Next we shall prove Theorem C.
Proof of Theorem C. Suppose that inf(ξ,t)∈M×[0,T ) r̂(ξ, t) = 0. Then there exists a
sequence {(ξk, tk)}∞k=1 such that r̂(ξk, tk) < 1k (k ∈ N). By using (6.8) and (rt)min ≤
r̂1 ≤ (rt)max, we have
Vol(M0) ≥ Vol(Mtk ) ≥ arBvmV vmH−1 (δ2((rtk)max)− δ2((rtk )min))
> vmV vmH−1 (δ2(r̂1)− δ2(1/k))
and hence
Vol(M0) ≥ lim
k→∞
vmV vmH−1 (δ2(r̂1)− δ2(1/k)) = vmV vmH−1δ2(r̂1)
= vmV vmH−1(δ2 ◦ δ−11 )
(
Vol(D)
vmV Vol(B)
)
,
where we note that arB = 1 because M is of non-compact type. This contradicts
the assumption. Hence we obtain inf(ξ,t)∈M×[0,T ) r̂(ξ, t) > 0. Therefore, by using
Theorem B, we can derive that T =∞ and that ft converges to a tube of constant
mean curvature over B in the C∞-topology as t→∞. q.e.d.
9 Appendix
Polars and meridians of symmetric spaces of compact type are reflective. See [CN]
about the classification of polars and meridians of symmetric spaces of compact
type. If F ⊂ M is one of meridians in irreducible rank two symmetric spaces of
compact type in Table 2 and if D is the corresponding distribution on F as in Table
2, then Dx is a common eigenspace of the family {R(·, ξ)ξ | ξ ∈ T⊥x F} for any x ∈ F .
In fact, we can confirm this fact as follows. First we consider the case of (1)− (4) in
Tables 2. In these cases, we have K = {1, 2} and τ−1x (Dx) = p2β ∩ p′ for any x ∈ F
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and any ξ ∈ T⊥x F , where K and p2β are the quantities defined as in Section 2 for
b = Span{τ−1x ξ}. That is, we have
R((gradψ)x, ξ)ξ = −4
√
ε
2
β(τ−1x ξ)
2(gradψ)x
for any positive function ψ over F with (gradψ)x ∈ Dx (x ∈ F ). Next we consider
the case of (5) in Table 2. In these cases, K = {1} holds, for one of D = TSp(1)’s
in (5), τ−1x (Dx) = p0 ∩ p′ (x ∈ F, ξ ∈ T⊥x F ) holds and, for another D = TSp(1)’s
in (5), τ−1x (Dx) = pβ ∩ p′ (x ∈ F, ξ ∈ T⊥x F ) holds, where K, p0 and pβ are the
quantities defined as in Section 2 for b = Span{τ−1x ξ}. That is, in the first case, we
have
R((gradψ)x, ξ)ξ = 0
for any positive function ψ over F with (gradψ)x ∈ Dx (x ∈ F ), and in the second
case,
R((gradψ)x, ξ)ξ = −
√
ε
2
β(τ−1x ξ)
2(gradψ)x
for any positive function ψ over F with (gradψ)x ∈ Dx (x ∈ F ). Easily we can show
the following fact.
Fact. If the initial radius function r0 satisfies (grad r0)x ∈ Dx (x ∈ F ), then rt
satisfies (grad rt)x ∈ Dx (x ∈ F ) for all t ∈ [0, T ).
M F F⊥x D
(1) SU(3)/SO(3) S1 · S2 (meridian) RP 2 (polar) TS1
(2) SU(6)/Sp(3) S1 · S5 (meridian) QP 2 (polar) TS1
(3) SU(3) S1 · S3 (meridian) CP 2 (polar) TS1
(4) E6/F4 S
1 · S9 (meridian) OP 2 (polar) TS1
(5) Sp(2) Sp(1)× Sp(1) (meridian) S4 (polar) One of TSp(1)’s
(M : an irreducible rank two symmetric space of compact type)
Table 2.
See [He] about the notations in these tables for example. Let B be a compact
closed domain (in F ) such that π−1(B) is as in Figure 7 and r be a positive function
over B such that the lift (grad r)L of grad r by π is as in Figure 7, where π is the
covering map of S1 × Sk onto S1 · Sk. Then r satisfies both (grad r)x = 0 (x ∈ ∂B)
and (grad r)x ∈ Dx := TxS1 (x ∈ B).
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π−1(B) = (W × Sk) ∪DD
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Figure 10.
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